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Abstract

This paper develops a theory of balanced growth and optimal climate policy in an in-
tegrated assessment framework. Balanced growth is possible despite climate change,
but at a slower rate. Two distinct policy regimes emerge because emissions perma-
nently raise carbon stocks. For low damages, optimal growth coincides with the
laissez-faire and carbon is priced at a constant rate. For high damages, optimal pol-
icy caps temperature growth to prevent escalating losses and achieve faster economic
growth than in the laissez-faire by pricing carbon at an increasing rate. We quantify
our model and show that empirical damage estimates span both regimes. For low
damages, optimal policy achieves a 1% welfare gain with 3 to 8°C of warming per
century and no change in long-run growth. For high damages, optimal policy raises
annual growth by 0.8 percentage points and achieves a 26% welfare gain by capping
warming at 0.4°C per century.
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Introduction

Economic growth transforms societies by compounding modest annual gains into vast
improvements in living standards. Much of that growth has been and is still powered
by fossil fuels. As greenhouse gases released by their combustion accumulate, economic
losses from climate change may slow the very growth that produced those emissions.
Over the long run, growth and climate change are therefore deeply intertwined.

By contrast, climate policy is largely built on the presumption that warming will sta-
bilize on its own. Yet, the world economy is far from running out of fossil fuels or de-
carbonizing its energy needs, even after sizable policy intervention. Known fossil fuel
reserves embed 10°C of additional warming and keep expanding. Global emissions con-
tinue to increase every year. Is balanced growth even possible in a steadily warming
world? And if so, does the interplay between growth and climate change affect the de-
sign of climate policy?

This paper develops a theory of growth and optimal climate policy in an integrated
assessment model when both the economy and temperature may grow for the foresee-
able future. We show that this possibility fundamentally alters the positive and norma-
tive implications of climate change because greenhouse gas accumulation follows a unit
root process and economic losses can escalate. Balanced growth is possible, but climate
change slows it down. Two distinct policy regimes arise depending on the severity of
climate damages. Low damages imply that long-run growth coincides in the laissez-faire
and optimal allocations, and optimal policy prices the carbon externality at a constant
rate. High damages slow growth under laissez-faire, while optimal policy prices carbon
at an increasing rate to cap temperature growth and achieve faster economic growth. Our
quantitative analysis shows that existing empirical damage estimates span both regimes.
For low damages, optimal policy achieves a 1% welfare gain with 3 to 8°C of warm-
ing per century and no change in long-run growth. For high damages, optimal policy
raises annual growth by 0.8 percentage points and achieves a 26% welfare gain by cap-
ping warming at 0.4°C per century.

Our analysis starts from the canonical integrated assessment framework (Nordhaus,
1992, 2013; Golosov et al., 2014), which we extend with a climate system with multiple
carbon sinks and temperature layers (Folini et al., 2024). A representative household con-
sumes and saves. A representative firm produces output using capital, labor, and energy.

The productivity of the firm has two components: an exogenously growing component



reflecting technological progress, and an endogenous component that represents climate
impacts and depends on temperatures in all layers, including the atmosphere and the up-
per ocean. A competitive sector extracts energy at a time-varying cost that reflects tech-
nological progress or changes in resource scarcity. Energy use generates carbon emissions
with a time-varying intensity that reflects improvements in renewables.

The climate system allows for an arbitrary number of carbon sinks and temperature
layers as long as they satisfy mass and thermal energy conservation. Carbon emissions
are distributed into atmospheric and oceanic sinks, leading to warming in atmospheric
and oceanic layers. Our key departure from standard analyses is that we do not impose
the existence of a backstop technology. Instead, we allow temperatures to grow for the
foreseeable future.

We first characterize balanced growth absent policy intervention. Balanced growth
emerges under two conditions that link economic activity and the climate system. First,
log output losses are at most linear in temperature, consistent with standard econometric
formulations (Dell et al., 2012; Bilal and Kénzig, 2026) and canonical integrated assess-
ment models (Nordhaus, 1992, 2013). Second, temperatures follow Arrhenius’ law and
depend on log carbon concentrations, consistent with the geoscientific literature (Arrhe-
nius, 1896; Myhre et al., 1995; Dietz et al., 2021; Barrage and Nordhaus, 2024; Folini et al.,
2024).

When progress in carbon-saving technologies is sufficiently fast relative to productiv-
ity growth, the carbon intensity of energy falls faster than energy demand grows. Temper-
atures stabilize in the long run and the economy converges asymptotically to an economy
with an effective backstop technology. In that case, long-run growth is independent of
climate change. We focus on the opposite region of the parameter space where emissions
keep rising over time.

When progress in carbon-saving technologies is slow relative to productivity growth,
energy demand outpaces carbon savings and emissions increase over time. In that case,
climate change slows down economic growth. As carbon accumulates exponentially
across all sinks, temperatures rise linearly over time due to Arrhenius’ law. Climate dam-
ages then offset part of productivity growth because of log-linear damages. As a result,
output, energy demand and emissions all grow exponentially in equilibrium at rates that
are adjusted downward due to climate damages. We derive simple formulas that show

how economic growth depends on the parameters governing climate damages, the cli-



mate system, and production.

Next, we characterize the efficient allocation. The key determinant of optimal policy
is the social cost of carbon: the present value of future losses per unit of emissions. On
a constant growth path, the social cost of carbon is increasing in climate damages. Cru-
cially, Arrhenius’ law and the permanent accumulation of carbon in the climate system
imply that the social cost of carbon is increasing in the growth rate of emissions: damages
depend on the stock of atmospheric carbon, which is larger relative to the current flow of
emissions when emissions grow faster.

This property implies that optimal policy features a regime switch governed by the
magnitude of climate damages, technological growth rates and the carbon intensity of
the economy. In each regime, a simple formula continues to link output growth to these
parameters, most importantly the parameter governing climate damages.

When productivity growth remains below a critical threshold, long-run economic and
temperature growth coincide in the laissez-faire and in the optimal allocation because
emissions either fall or grow only moderately. Equivalently, this regime emerges when
climate damages are below a threshold that depends on the same parameters. Optimal
policy then prices carbon at a constant rate that only affects the level of economic activ-
ity and emissions, not their growth over time. Despite moderately growing emissions
and temperatures that slow down economic growth, optimal policy in this low damage
regime behaves similarly to the case in which temperatures stabilize in the long run.

Optimal policy changes fundamentally once productivity growth exceeds the critical
threshold and emissions grow rapidly, or, equivalently, when climate damages are suf-
ticiently large. The social cost of carbon can then exceed the static marginal product of
energy absent starker policy intervention. To restore efficiency, the planner selects slower
emissions growth, which lowers the social cost of carbon. The value of emissions growth
chosen by the planner is increasing in the energy share and decreasing in climate dam-
ages. By contrast, it is independent of productivity growth: regardless of how fast the
economy would otherwise grow, the planner always chooses the same growth rate of
emissions. This property leads us to call this optimal policy a cap.

Thus, at high damages, the optimal allocation caps emissions and temperature growth.
This choice in turn achieves strictly faster economic growth than in the laissez-faire be-
cause it avoids escalating damages due to the permanent accumulation of carbon in the

atmosphere and in the oceans. Pricing carbon at an increasing rate over time decentral-



izes this optimal allocation. The interplay between growth and climate change delivers a
cap on temperature growth despite relying on entirely standard cost-benefit analysis and
without appealing to a precautionary principle.

How robust are our conclusions to alternative specifications of our framework? We
examine a range of variants. First, our results hold for Constant Relative Risk Aversion
(CRRA) utility functions, when population grows over time, and regardless of the details
of the climate system. Second, they hold when extraction costs are paid in labor units.
Third, they hold when energy stocks are dynamically managed as in Hotelling (1931),
and exploration is possible at a cost that rises endogenously to reflect scarcity. Fourth,
they hold when we endogenize technological growth through innovation as in Grossman
and Helpman (1991) and Aghion and Howitt (1992). Fifth, they hold when we endogenize
progress in carbon savings through innovation in a renewable energy sector.

The magnitude of climate damages thus determines the properties of optimal policy.
But does the shape of the damage function also matter? Our baseline analysis uses a
log-linear damage function. Yet, many formulations have been proposed in the literature,
with varying degrees of nonlinearity and empirical support. We classify damage func-
tions and show that the degree of nonlinearity of the logarithm (rather than the level) of
output losses is the relevant metric for long-run growth because technological growth is
exponential.

Nonlinear damages exacerbate our baseline results. We start with log-concave dam-
age functions for which log output losses grow less than linearly with temperature (Nord-
haus, 1992, 2013; Barrage and Nordhaus, 2024). These functions can be interpreted as a
reduced-form way to capture adaptation. In this case, economic growth and the climate
are independent in the long run. Technological progress eventually swamps dwindling
marginal damages.

Next, we consider log-convex damage functions for which log output losses grow
faster than linearly with temperature (Acemoglu et al., 2012; Golosov et al., 2014) that
may capture tipping points. In that case, damages escalate too fast for balanced growth
and the economy grinds to a halt. Optimal policy continues to depend on two regimes,
and achieves positive instead of zero growth.'

Log-linear damage functions thus offer a conceptual advantage: they deliver an in-

1Golosov et al. (2014) specify that log output losses are linear in the stock of carbon. When paired with
a climate system that satisfies Arrhenius’ law, their damage function is effectively super-exponential in
temperature.



formative intermediate case in which climate impacts depend continuously on damage
function parameters. They also offer a practical advantage: they map directly to the em-
pirical damage specifications most commonly estimated in the literature. We therefore
use our baseline log-linear damage function in the quantitative implementation.

We quantify the gains from optimal carbon policy in a parametrization of the world
economy. We use standard values for the capital and energy shares in production and the
capital depreciation rate. We set the rate of time preference to 3% annually. We estimate
population growth at 1.5% annually. We use the climate system parametrization from
Folini et al. (2024) that matches Coupled Model Intercomparison Project (CMIP) simu-
lations from large-scale global circulation models at high and low frequencies. We esti-
mate progress in carbon-saving technologies and fossil fuel extraction costs by matching
growth in carbon emissions relative to energy use and energy use relative to output over
the last four decades. Finally, we estimate exogenous productivity growth by matching
output growth over the same period.

We explore a broad set of values for the magnitude of climate damages. Modern es-
timates range from 3% to 25% output losses per 1°C of warming depending on the em-
pirical methodology. For illustration, we first focus on the extremes of this range, before
analyzing intermediate values.

We start by considering classic estimates based on local temperature variation (Dell et
al., 2012; Burke et al., 2015; Nath et al., 2025), without assuming growth effects. For com-
parability, we use the local temperature estimates from Bilal and Kénzig (2026), whereby
a 1°C increase in atmospheric temperature implies a 3.6% reduction in productivity in
the long run. In this case, the economy remains in the low damage regime: laissez-faire
and optimal output growth coincide at 3.1%. Optimal carbon pricing temporarily delays
emissions without affecting their long-run growth rate, so that 2100 temperatures rise
by an additional 1.5°C rather than 2.2°C relative to 2020 in the laissez-faire. Thereafter,
temperatures rise by 3°C to 8°C per century as ocean temperatures gradually catch up to
the balanced growth path. The optimal policy leads to a 1.2% consumption-equivalent
welfare gain, which reflects the modest magnitude of the damage function.

Next, we consider damage estimates based on global temperature variation, whereby
a 1°C increase in atmospheric temperature implies a 25% reduction in productivity in

the long run (Bilal and Kénzig, 2026).” In that case, the economy is in the high damage

2These magnitudes are also consistent with local temperature variation and imposing growth effects
(Burke et al., 2015).



regime. While the economy keeps growing in the laissez-faire, long-run optimal growth is
0.8 percentage points higher: 3.2% instead of 2.4%. These growth benefits only material-
ize after the first forty years, during which they are offset by higher energy costs. Optimal
carbon pricing permanently caps the growth rate of emissions, leading to slower temper-
ature growth in the short and long run. Thus, warming by 2100 is limited to an additional
0.4°C relative to 2020. Thereafter, temperatures rise by 0.4°C per century. The optimal
policy delivers a 26% consumption-equivalent welfare gain that reflects the larger mag-
nitude of climate damages and the resulting externality, together with the qualitatively
different policy response that caps temperature growth.

Does the cap bind only at the high end of the range of empirical estimates? We find
that the opposite is true: the cap starts to bind just above the lower end of the range,
when damages exceed 4.5% per 1°C. In fact, the 95% confidence interval around damage
estimates based on local temperature variation is [-2.3%, 11.3%]. Thus, the cap binds even
for a large fraction of plausible values for damage estimates based on local temperature
variation. Because the cap falls sharply with damage estimates, even moderate deviations
from the lower end of the range lead to sizable reductions in warming under optimal
policy. For instance, damages of 10% per 1°C imply that optimal policy caps temperature
growth at 1.8°C per century in the long run for a 7.5% welfare gain, well below long-run
warming of 8°C per century at the lower end of the range.

Finally, we use our framework to assess whether our conclusions are quantitatively
sensitive to key assumptions. One may reasonably argue that a backstop technology
will eventually become available, that fossil fuels will run out, and that warming will
eventually stabilize. Does our theoretical characterization still provide a reasonable ap-
proximation in this case? The answer is yes. When we introduce an anticipated backstop
technology at various horizons in our framework, the allocations with and without back-
stop virtually coincide until the backstop arises.

Next, we ask how the analysis changes quantitatively when we depart from a log-
linear damage function but recalibrate it to the same empirical targets. The results suggest
that balanced growth analysis with log-linear damages delivers robust predictions for
the foreseeable future. Nonlinearities matter little up to 5°C of warming. The laissez-faire
remains below this threshold until 2200, and the efficient allocation remains below it even
longer. However, the shape of the damage function is much more important for longer

horizons in the laissez-faire where warming exceeds 5°C. In particular, growth stalls past



2200 under a log-convex damage function.

Related literature. This paper contributes to the literature studying the interplay be-
tween climate change and the macroeconomy (Hassler et al., 2016, 2024; Bilal and Stock,
2025). Most of this literature assumes that temperatures stabilize in the long run due to
some combination of a backstop technology, no technological progress, or scarce fossil
fuel reserves (e.g. Nordhaus, 1992, 2013; Acemoglu et al., 2012; Golosov et al., 2014; Ploeg
and Withagen, 2014; Barrage and Nordhaus, 2024; Cruz and Rossi-Hansberg, 2023). How-
ever, even if fossil fuel reserves are ultimately finite, from a practical perspective they are
effectively infinite once coal is included (Hassler et al., 2016). Known fossil fuel reserves
embed nearly 10°C of additional warming, and more reserves are still being discovered
(Covertetal., 2016). Important energy services and industrial processes are difficult to de-
carbonize, while carbon capture remains costly and far from offsetting emissions at scale
(Davis et al., 2018; Bui et al., 2018). Temperatures might thus keep rising for multiple
centuries—longer than the world economy has known sustained growth for.

We characterize the conditions that lead to balanced growth in such a scenario.” Our
analysis reveals that long-run balanced growth arises in the laissez-faire only when cer-
tain physical and economic scaling laws hold. We build on Myhre et al. (1998), Dietz
et al. (2021), and Folini et al. (2024) to incorporate a rich climate system that matches
CMIP simulations at high and low frequencies. It links atmospheric forcing—and thus,
temperature—to the log carbon stock due to Arrhenius” law (Arrhenius, 1896), which we
show is key for balanced growth. The damage function takes a standard functional form
linking log output losses to the level of temperature that directly maps into existing em-
pirical estimates (Dell et al., 2012; Burke et al., 2015; Nath et al., 2025; Bilal and Kénzig,
2026), which we show is also key for balanced growth. We characterize how departures
from log-linear damages either decouple growth and climate change, or stop growth al-
together.

We study the implications of a continuously warming world for optimal climate pol-
icy and the social cost of carbon. Existing work derives optimal carbon taxes in dynamic
general equilibrium climate models (Golosov et al., 2014; Barrage, 2020) and integrated
assessment frameworks (Nordhaus, 2013; Barrage and Nordhaus, 2024). Our analysis

builds on these insights and shows that, when temperature need not stabilize, optimal

3Brock and Taylor (2010) characterize balanced growth in a model with emissions but do not incorporate
a climate feedback through damages that is central to our analysis.



policy features two regimes that crucially depend on climate damages because the perma-
nent accumulation of carbon in the climate system implies escalating losses in a growing

world.

1 A Model of Growth with Climate Change

We introduce a general equilibrium framework that links economic growth and climate

change through carbon emissions, warming, and climate damages.

1.1 Economic Module

The economic module is a simple extension of the neoclassical growth model with energy
use and a climate module, similarly to Golosov et al. (2014). Time is continuous and runs
forever.

Preferences. There is a unit continuum of infinitely-lived identical households who
populate the world economy. Households have CRRA flow preferences: U(C) = %
For ease of exposition, in the main text we focus on logarithmic utility ¢ = 1, and re-
port our results under general CRRA utility in the Appendix. Labor supply is exogenous
and set to L; = 1. The pure rate of time preference of households is p. Intertemporal

preferences are given by [~ e P'U(Cy)dt.

Final good sector. Firms in the final good sector produce according to a Cobb-Douglas
production function. They use capital, labor and energy, with time-dependent labor pro-

ductivity Z;:
_ (w T—a\1=¢¥ryp _
Y = (Kt (ZiLy) ) E/ = F(Zi, Ky, Ly, Ey). (1)

The path of productivity Z; is perfectly foreseen and endogenous to the climate module.

Energy sector. Firms in the energy sector extract energy at an exogenous time-varying
unit cost x; paid in units of the final good. This formulation is isomorphic to one in which
energy is produced with the same production function as final goods, with relative total

factor productivity x;. We show this equivalence in Appendix A.1.



Markets. All factor and goods markets—capital, labor, energy and the final good—are
perfectly competitive. The final good is the numeraire. Households earn wages w; from
the labor they supply to firms in the final good sector. Households own claims to firms
and capital K;, which they rent out to firms for production at net interest rate r;. Ky

denotes their initial capital endowment.

Resource and budget constraints. The resource constraint of the economy is: C; + K; =
Y; — 6Ky — x:E:. Firms make zero profits given constant returns to scale and perfect com-
petition, implying that profits drop out of the household budget constraint: C; + K; =
wy + 1K

1.2 Climate Module

Emissions. Energy use E; generates greenhouse gas emissions E}". For expositional
simplicity, we label greenhouse gases “carbon dioxide.” Carbon intensity o; varies ex-

ogenously over time:
E;ﬂ = O'tEt. (2)

In Appendix A.2, we propose a simple microfoundation for time-varying carbon inten-
sity when energy bundles two primary energy sources: emissions-free renewables and
emissions-intensive fossil fuels. In that case, technological progress in either or both
sectors leads to time-varying emissions intensity. If technology progresses faster in the

renewable sector, carbon intensity declines over time.

Carbon cycle. The climate module describes the dynamics of carbon concentration in
the environment. We consider a state-of-the-art medium-scale climate model with mul-
tiple sinks. In our quantitative application, we will use three sinks: the atmosphere, the
upper ocean and the lower ocean (Folini et al., 2024). However, our theoretical analysis
accommodates any number of sinks M. The carbon cycle ensures that mass is conserved.
Carbon emissions first enter the atmosphere and then gradually mix into both ocean lay-
ers.

Let M; be the vector of carbon masses across the M sinks at time t. The dynamics of

carbon masses M; are given by:

Mt = AMi_L + E;”m, (3)



where m is a constant vector that encodes how emissions enter carbon sinks. For instance,
in our quantitative application with three sinks, we have: m = (1,0,0)’ to ensure that
emissions enter through the atmosphere before mixing into the oceans.

The matrix A encodes the physical features of carbon mixing. Carbon conservation
requires }; A;; = 0 for all j. Carbon mixing requires: A;; > 0 for i # j and that A be
irreducible: all sinks are connected at least indirectly. Our theoretical analysis only relies
on these properties. Appendix B describes the exact structure of the carbon cycle matrix

A that we use for our quantitative analysis.

Warming. The warming module describes how carbon concentrations map into tem-
peratures. We use a general formulation of the module in Geoffroy et al. (2013). In our
quantitative application, we again follow Folini et al. (2024) and consider two temperature
layers: an upper layer consisting of the atmosphere and the upper oceans, and a lower
layer consisting of the deep ocean. However, our theoretical analysis accommodates any
number of layers 7 < M, which need not coincide with carbon sinks.

Let T; be the vector of temperatures across layers at time ¢. Its dynamics follow:
CTi = (D — L)T; + Fyy + Fy. 4)

The matrix C is diagonal, with strictly positive diagonal entries that contain the thermal
capacities of each temperature layer. The thermal capacity of a layer measures how much
heat it can store, and therefore how much a given temperature difference with adjacent
layers warms it. For instance, the thermal capacity of the ocean is larger than that of the
atmosphere.

The heat exchange matrix D ensures that energy is conserved when energy is ex-
changed between temperature layers, after accounting for their respective thermal ca-
pacities, and that all layers are at least indirectly connected. These physical properties
require that D satisfies the same properties as the carbon exchange matrix A: }_; Dj; = 0
for all 7, that D >0 for all i # j, and that D be irreducible.

The heat loss matrix L encodes that energy is radiated back to outer space. When the
entire atmosphere is a layer, then only the atmosphere radiates energy to outer space. Our
formulation allows us to disaggregate the atmosphere into multiple regional layers, each
potentially radiating energy back to outer space. To encode these properties, L is diagonal
with weakly positive entries, and at least one strictly positive entry.

The vector F,; + F; denotes total radiative forcing—the amount of energy that each

10



layer receives. F,; represents natural radiative forcing across all layers, for instance in
the atmosphere and in the deep ocean.* F; represents the additional forcing coming from
carbon emissions in the atmosphere since the pre-industrial era. Following Myhre et al.
(1998), it satisfies:

F;=H ( log M; — log Meq), )

where H is a rectangular 7 x M matrix that encapsulates the greenhouse effect: it con-
tains the semi-elasticity of radiative forcing to carbon emissions. The log function ap-
plies element-wise. M, denotes the carbon concentration in the atmosphere in the pre-
industrial era. In what follows, we refer to the property that forcing scales with the loga-
rithm of carbon concentrations as ‘Arrhenius’ law” (Arrhenius, 1896).

Without loss of generality, we order all layers with atmospheric layers first, and then
ocean layers. H is then diagonal-rectangular and captures how much radiative forcing
increases following a doubling of carbon dioxide concentrations. We denote by h the
T x 1 vector that collects the diagonal entries of H in its left 7 x 7 block. For instance, h
has positive entries for each atmospheric layer, and null entries for each deep ocean layer.

We rewrite the warming module more compactly:
T; = BT; + N(Fo; + F;), (6)

with B = C (D — L) and N = C~!. Appendix B describes the exact structure of the heat

exchange matrix B and the forcing matrix N that we use for our quantitative analysis.

1.3 Climate Damages

The economic module and the climate module are coupled through climate damages.
Total factor productivity depends on an exogenous component Z; and an endogenous

component that depends on atmospheric temperature relative to its pre-industrial level:

Zi=Ziexp (=0 (Tt — Tey)) - 7)

“Deep ocean radiative forcing partly stands in for the thermohaline circulation that cools the deep ocean
through the sinking of colder, less saline water at the poles. Online Appendix ' shows that the quantitative
properties of our climate module are virtually unchanged once we endogenize the thermohaline circulation
and recalibrate our system to match CMIP simulations.

11



The structural damage vector { € R7*! governs the sensitivity of productivity to tem-
perature across all layers. Our formulation is consistent with empirical evidence in that it
features ‘level effects” (Nath et al., 2025; Bilal and Kénzig, 2026). Although damages op-
erate through level effects and do not permanently reduce the growth rate, they generate
widening output losses over time in a warming economy.

In our quantitative application, we use a formulation of the damage function that
incorporates persistent level effects: Z; = Z; exp (— fot Z. (Tt_s — Teq)ds>. Our theoretical
results extend immediately to this case provided we formulate them using the cumulative
damage function. However, this extension comes at the cost of additional notation, which

we abstract from for clarity of exposition in the main text.

2 Balanced Growth in a Warming World

We now analyze whether balanced growth is possible and efficient in the presence of
climate change. We start our analysis with the laissez-faire, before studying the efficient

allocation.

2.1 Laissez-Faire

In the laissez-faire, i.e. the decentralized equilibrium without taxes, households maximize

the present value of discounted utility from consumption taking prices {r:, w; }: as given:

max / e PHU(Cy)dt subject to Ci + K¢ = riKs + wy,
{CiK:}: JO

with Ky given, and where we have anticipated that firms make zero profits. Firms in

the final good sector maximize profits taking productivity {Z;}; and prices {r:, w, p; }+ as

given:

max F(Z;, KP,LP,E;) — (ry + 6)KP — w;LP — p;E;.
KP,LP E,
Firms in the energy sector extract energy competitively, implying that the price of energy
satisfies p; = x;. Capital and labor markets clear: KP = K; and LP = 1.
Emissions E}* are related to energy use according to (2). Carbon concentrations M;

evolve according to (3), temperatures T; evolve according to (6) and forcing F; follows (5).

12



Productivity Z; evolves according to (7).

The equilibrium conditions in the laissez-faire are standard. The Euler equation reads:
vCi/Ct = Fx(Zt, Ky, Ly, Et) — 6 — p, where we denote partial derivatives with subscripts,
for instance: Fx = d0F /dK. Together with perfect competition and market clearing, capital
and labor demand from the final good firms implies: r; + § = Fx(Z, K¢, Ly, Et) and wy =
F.(Z4, Ky, Ly, Ey).

The central equilibrium condition in the laissez-faire is energy demand:
Fe(Zt, K, Lt, Et) = xt. (8)

Firms do not internalize that energy demand today affects productivity in the future due
to carbon emissions and climate damages. They only take the current energy price into
account. This is the only condition that will differ from the efficient allocation.

To analyze the emergence of balanced growth, we impose the following conditions.
Technology grows at rate ¢: Z; = ZgeS!. Extraction costs x; grow at constant rate gy:
Xt = xoefx'. Emissions intensity of energy falls at rate go: 03 = ope ¢!. These growth
rates can be positive or negative. Before stating our main results, we define a few useful

concepts for reference.

Asymptotic constant growth path. In an asymptotic constant growth path, all variables ex-
cept temperatures asymptotically grow at constant exponential rates. An asymptotic con-

stant growth path is unique if the growth rates do not depend on initial conditions.

Balanced growth path. A balanced growth path is an asymptotic constant growth path in

which the ratios K;/Y; and x:E;/Y; are constant over time.

We exclude temperatures from our definition of an asymptotic growth path because
their dynamics will differ across cases. We are interested in how balanced growth de-
pends on the parameters that govern the economy and the climate system. To that end,
we define four key objects.

The first object is the energy share adjusted by the labor share, defined as:

¥
(1—a)(1—y)

T =

The larger 7, the more important energy is in production relative to labor.

The second object is the growth rate of carbon savings absent policy intervention,

13



defined as:
w=gr+ (1+71)gy

w is higher if there is faster growth in carbon-saving technologies g.. It is also higher if
there is faster growth in energy extraction costs gy, which lowers the carbon intensity of
production.

The third object is the long-run elasticity of climate damages to the common compo-

nent of carbon stocks, defined as:
AN=1T0, 6= (L—D) 'h )

The vector 0 denotes the climate sensitivity across temperature layers: the long-run semi-
elasticity of temperature to the common component of carbon stocks.

To gain intuition, consider a unidimensional climate system M = 7 = 1. In that case,
D =0, and L = ¢ > 0is a scalar that captures energy losses to outer space. The climate
sensitivity is then 0 = %, and the elasticity of damages to carbon stocks satisfies A = %. In
our calibration, we use two damage functions with cumulative impacts '°® = 0.036 and
g8lobal — 025 which span the range of empirical estimates (see Section 3.3 for details).
We report calibrated values as ordered pairs, with the first entry corresponding to g'°!
and the second to {#°P3l. Together with the climate system calibration from Folini et al.
(2024)—N = n = 0.14, h = 4.98, and ¢ = 1.06—the implied values are A = (0.17,1.17).

In the unidimensional case, the long-run elasticity of damages to the carbon stock
depends on three parameters. The first object is the damage parameter, {. When it is
larger, a given temperature change has larger economic impacts. The second object is the
semi-elasticity of radiative forcing to atmospheric carbon concentrations, . When it is
larger, a given amount of atmospheric carbon leads to higher radiative forcing. The third
parameter ¢ represents relative energy losses to outer space. When energy losses to outer
space { are larger, a given amount of forcing leads to lower atmospheric temperatures
because more energy is radiated back to outer space. Equation (9) generalizes this logic
to a climate module of any dimensionality.”

The fourth object is the vector of discounted long-run elasticities of climate damages

>A is strictly positive when { > 0 because L — D is an irreducible non-singular M-matrix and therefore
has a strictly positive inverse.
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to all carbon stocks, defined as:
A=7(oC+L~-D) 'H. (10)

With the damage functions we consider in our calibration together with the climate sys-
tem calibration from Folini et al. (2024), Y; A; = (0.11,0.75).

Equipped with these definitions, we state our first main result.

Proposition 1 (Growth in the Laissez-Faire). The laissez-faire admits a unique asymptotic

constant growth path, which is also a balanced growth path. It satisfies:

(i) If carbon savings grow faster than technology § < w:

Emissions fall g, = § —w < 0, temperatures are constant, productivity grows at rate

gz = §, and output grows at rate gy = g — 7y

(ii) If carbon savings grow as fast as technology § = w:

Emissions are constant g, = 0, temperatures increase log-linearly, productivity grows at

rate g7 = g, and output grows at rate gy = § — 7Ty

(ii) If carbon savings grow slower than technology § > w:

Emissions grow at rate gy = ﬁ—‘z > 0, temperatures grow linearly with slopes T =
gm0 > 0, productivity grows at rate g7 = §¢ — Agm, and output grows at rate gy =

g+ (A—m)gy+Ags
1+A :

In addition, output growth gy is decreasing in damages A, is positive if g, + g > 0, and is
g—w
8x T8

negative if gy + 8o < 0 and A > ‘

Proof. See Appendix A 4. O

Proposition 1 continues to hold under any CRRA utility function; the proof does not
rely on logarithmic utility. The first case in Proposition 1 arises when carbon savings grow
faster than energy demand. Even though the economy would demand more energy over
time due to rising productivity, two forces blunt the effect of rising energy demand on
emissions. The first is reductions in emissions intensity that mechanically slow the accu-
mulation of atmospheric carbon. The second is rising extraction costs and thus energy

prices, which lower energy demand enough if the energy share is high.
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This first case is asymptotically equivalent to an economy with an exogenous backstop
technology. Under these assumptions, the carbon intensity of production drops to zero,
so that emissions fall over time. As a result, atmospheric carbon converges to a constant,
implying that temperatures stabilize. Consequently, output growth is independent of
climate damages. This case provides a useful benchmark as our setting nests the common
backstop-technology assumption, asymptotically.

The second case in Proposition 1 is the knife-edge situation in which carbon savings
grow exactly as fast as production technology. Emissions are constant, and so temper-
atures increase log-linearly over time. This slow increase is dominated by exponential
exogenous productivity growth in the long run. From an economic perspective, this case
resembles the first one, as climate damages do not affect long-run economic activity.

These conclusions fail in the last case when carbon savings grow more slowly than
exogenous productivity w < g. Over time, production requires more energy. The price
of energy is not rising fast enough to blunt energy demand, and the emission intensity
of energy is growing too slowly. A constant energy expenditure share implies that emis-
sions rise exponentially over time. The law of motion of the carbon stocks implies that
atmospheric carbon grows exponentially as well. Temperatures grow linearly because of
Arrhenius’ law.

Given the log-linear damage function, linearly rising temperatures drag down pro-
ductivity growth proportionally to the long-run elasticity of damages to emissions, A,
and to the growth rate of emissions. This drag on productivity growth feeds back to
output growth, which is now weaker if damages A are larger.

In fact, Proposition 1 reveals that long-run growth can be nonpositive: the carbon ex-
ternality can cause immiserizing growth. When extraction costs fall rapidly over time,
output would grow faster absent climate damages. With climate damages, declines in
energy costs can lead to an adverse feedback loop. Demand for energy grows so fast that
carbon accumulates rapidly in the atmosphere. When damages A are large relative to
technological progress, the economic impact of rising temperatures dominates and de-

growth emerges.
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2.2 Efficient Allocation

In contrast to the laissez-faire, the social planner internalizes the global carbon externality

and its effect on productivity. They solve:
max / e PIU(Cy)dt
{Ct/Kt,Et}t 0
subject to Ct + Kt = F(Zt, Kt, Lt, Et) — XtEt
and to equations (2), (3), (6), (5), (7).

As we show in Appendix A.5, the only difference between the decentralized equilibrium

and the planner’s allocation arises in energy use. The planner’s allocation satisfies:

: pym
FE(Zt, Kt, Lt, Et) = Xt + 01T, with T = u/(tct) . (11)

The planner internalizes how energy use today affects productivity today and in the fu-

ture through the climate system and climate damages.

T; represents the social cost of carbon: the present value of all future damages asso-
ciated with emitting one ton of carbon at date t. The social cost of carbon 7; increases
with the planner’s shadow value of an additional unit of carbon in each sink, y;, and is
expressed in numeraire units using the marginal utility of consumption. The social cost of
carbon enters optimal energy demand after adjustment by the carbon intensity of energy:
higher carbon intensity implies larger future damages from energy use today. Efficient
energy demand (11) immediately implies that 7; is the carbon tax that decentralizes the
efficient allocation—and 0;7; is the corresponding energy tax.

Whether the dynamics of the efficient allocation differ qualitatively from the laissez-
faire depends on the social cost of carbon 7;. In principle, it could grow faster or more
slowly than the extraction cost x;. Depending on which component dominates in the
long run, the efficient allocation may depart markedly from the laissez-faire.

Our second main result highlights that these considerations lead to two distinct policy
regimes. When necessary, we denote outcomes in the laissez-faire with a superscript LF

and in the efficient allocation with a superscript SP.

Proposition 2 (Efficient Growth). The efficient allocation admits a unique asymptotic constant

growth path. There exists a threshold g, € (0, 40|, such that on the asymptotic constant growth
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path:
(i) If carbon savings grow faster than technology net of damages § < w + (14 A)g,,:

Growth rates coincide with those in the laissez-faire from Proposition 1, and the allocation is
a balanced growth path. On the growth path, the optimal energy tax that decentralizes the
efficient allocation remains bounded relative to extraction costs, and is a constant proportion

of extraction costs when emissions grow.

(ii) If carbon savings grow more slowly than technology net of damages § > w + (1 + A)g,,:

Emissions grow at rate g57 = g~ < gLf, temperatures grow linearly with slopes TF =

3,0 < T, productivity grows at rate g5 = ¢ — Ag,,, and output grows at rate g37 =
gH(T=B)8,,+7go
1+m
efficient allocation grows relative to the extraction cost.

> ¢bF. On the growth path, the optimal energy tax that decentralizes the

In addition, g, is finite if and only if Y; A; > 7, is strictly decreasing in each %, and is indepen-
dent of g.

Proof. See Appendix A.5. O

Proposition 4 in Appendix A.5 extends the above proposition to the CRRA case.
Proposition 2 reveals that the structure of efficient growth paths fundamentally differs
depending on parameters. When emissions fall over time ¢ < w, growth rates coincide
with the laissez-faire. This region of the parameter space is the analogue of a backstop
technology, in which temperatures stabilize on their own in the long run. In that case,
optimal policy only corrects the level of emissions, but not its long-run growth rate.

In the intermediate region, emissions grow moderately over time: w < ¢ < w + (1 +
A)g,,- Long-run growth rates continue to coincide with the laissez-faire. Despite climate
change slowing down growth, the planner continues to solely correct the level of energy
use. Carbon is not accumulating fast enough for temperature to rise rapidly enough to
justify altering the long-run path of the economy:.

An entirely different growth regime emerges in configurations in which emissions
grow rapidly in the laissez-faire: ¢ > w + (14 A)g,,. To understand when and why,
consider a unidimensional climate system M = 7 = 1. On a constant growth path, the
social cost of carbon satisfies:

A gn Vi

O = — .
tTt 70 +gm Er

(12)
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When the climate system is higher-dimensional, the social cost of carbon continues to be
proportional to the marginal product of energy ¥Y;/E;, with a proportionality factor that
aggregates the multidimensional climate dynamics, is increasing in g;,, and follows from
equation (16) in Appendix A.5.

The social cost of carbon increases with climate damages and with the climate sensi-
tivity embedded in A. Similarly to the marginal benefit from energy use, the social cost
of carbon scales with current economic activity. The social cost of carbon in equation (12)
is reminiscent of the formula in Golosov et al. (2014), but features three important differ-
ences. The first difference is that our formula holds without additional assumptions on
the savings rate, as the savings rate is always constant on the constant growth path.

The second difference is that the social cost of carbon is a constant proportion of the
marginal product of energy ¢Y;/E;, rather than a constant proportion of output. This
difference arises because our damage function is specified as a function of temperature
instead of the carbon stock, and because temperature rises log-linearly with carbon in
the long run due to Arrhenius’ law, not linearly: T; = 6log M; + o(log M;). A linear
relationship can be a valid approximation for small short-run changes in carbon concen-
trations. However, Arrhenius’ law corresponds to physical laws for larger changes such
as a doubling of concentrations in the long run.

The structure of our damage function is consistent with empirical specifications used
in the literature (Dell et al., 2012; Burke et al., 2015; Bilal and Kénzig, 2026). By contrast
and given Arrhenius’ law, the specification in Golosov et al. (2014) would be equivalent to
a super-exponential damage function: Z; = Zyexp (gt — { exp(T¢/0)). This specification
implicitly imposes more convex damages than existing empirical estimates and, as we
show in Section 2.4, is incompatible with long-run growth.

This second difference due to Arrhenius’ law is key for the long-run behavior of op-
timal carbon and energy pricing. Energy demand (11) immediately implies that, in the
regime in which laissez-faire growth coincides with the planner’s, the optimal energy tax
is a constant fraction of extraction costs. By contrast, a super-exponential specification
would imply that the energy tax becomes arbitrarily large relative to extraction costs.

The third and critical difference is that the social cost of carbon is increasing in the

growth rate of emissions through the ratio 5 i’;m . Faster emissions growth has two effects.
First, it causes carbon—and thus, economic losses—to accumulate faster relative to cur-

rent energy use. The marginal damage from a marginal unit of energy today is decreasing
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in the carbon stock M; due to Arrhenius’ law, but is then larger relative to total energy use
E;. We express the social cost of carbon ; with respect to energy use E; rather than the
carbon stock M; because it corresponds to the relevant units for the marginal product of
energy Fr = 1/1%. The numerator g,, encodes this force. Second, faster emissions growth
lowers the marginal warming potential of future emissions, again through Arrhenius’
law. Because this channel operates intertemporally on future emissions, it is additionally
discounted: the denominator adds p + g-

On net, the social cost of carbon is increasing in the growth rate of emissions g,;. When
emissions growth g, is large enough and climate damages A are large relative to the
energy share 7, the social cost of energy 0;7; can exceed the marginal product of energy
Fr. This imbalance is never optimal. The planner thus selects a growth rate of emissions
gm that is low enough to equalize the social cost of energy with the marginal product of
energy.

In this qualitatively different regime, the growth rate of emissions is capped by the

constraint g, = g,.. In the unidimensional climate system, g, satisfies: 1 = % Pj%m' Of
course, this equation may not always have a solution if 77 is large. Whether there exists
a solution corresponds to the condition A > 7. For the climate system, we use again the
calibration from Folini et al. (2024). We set the rate of time preference net of population
growth to p = 0.015, and ¢y = 0.05. As above, calibrated values are reported as ordered
pairs corresponding to the two damage functions ¢'°? = 0.036 and ¢8'°%3! = 0.25. The
resulting values satisfy A = (0.15,1.06), which exceed 7 = 0.075, so the cap g,, is well-
defined in both cases.

To assess whether the emissions growth cap is tight or loose relative to the data, we

express the cap as:

_ 7T
gy = . (13)

The cap binds when gL > g that is:

m

8

Given the damage and climate system values discussed above, we obtaing, = (0.014,0.001)
in the one-dimensional example. In the data, the annual growth rate of emissions is ap-

proximately ¢LF = 0.01. Thus, when damages are estimated from local temperature vari-
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ation ¢! = 0.036, the emissions growth cap is unlikely to bind, and long-run growth
coincides in the laissez-faire and the efficient allocation.

However, these damages are just below the threshold highlighted in equation (14).
The cap binds as soon as damages exceed 0.045 per 1°C, and tightens rapidly with higher
damage coefficients. In that case, and in particular when damages are estimated from
global temperature variation {8'°°3 = (.25, the emissions growth rate cap binds, and
long-run growth diverges between the laissez-faire and the efficient allocation.

We illustrate the differences between the laissez-faire and efficient allocations in Figure
1. Panel (a) displays the growth rate of emissions as a function of the damage parameter
. When damages are low, the growth rate of emissions coincides in the laissez-faire
and the efficient allocation. When damages cross the threshold given by equation (14),
optimal policy switches regimes. The optimal growth rate of emissions hits the cap and
falls sharply after a kink.

Panel (b) displays the growth rate of output as a function of the damage parameter
{. When damages are low, output growth coincides in the laissez-faire and the efficient
allocation. When damages cross the threshold given by equation (14), output growth
stabilizes in the efficient allocation, while it keeps falling with damages in the laissez-
faire. The benefit from a tight cap on emissions and temperature growth is to stabilize

output growth in the long run.

2.3 Extensions

How specific are these results to our particular setup? We have shown that they extend
from log utility to CRRA preferences and do not depend on the details of the climate sys-
tem as long as carbon and temperature dynamics are linear, and radiative forcing is log-
linear in carbon concentrations. In this section we show that our results continue to hold
when we consider four additional departures from our setup: population growth, extrac-
tion costs in labor units, dynamic energy resource management as in Hotelling (1931),
and endogenous technological growth or progress in renewables as in Grossman and
Helpman (1991) and Aghion and Howitt (1992).

Population growth. We have specified our baseline framework with a fixed population
for expositional simplicity. However, it immediately accommodates population growth
through a simple rescaling. Suppose that instead of staying constant, population L; grows

at rate n, so that L; = ¢. Including population growth requires three modifications to the
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Figure 1: Laissez-Faire and Efficient Growth Regimes by Damage Coefficient {
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Notes: Long-run growth rates in the laissez-faire and in the efficient allocation as a function of the damage coefficient ¢, as implied
by Propositions 1 and 2. Figures constructed using the calibration from Section 3. Numerical values omitted to illustrate qualitative
properties. The horizontal axis varies the damage parameter { on the upper layer. Panel (a): growth rate of emissions g,,. Panel (b):
growth rate of output gy. Solid blue lines: laissez-faire. Dashed red lines: efficient allocation. Dotted gray line in Panel (a): emissions
growth cap g,, from equation (13). Vertical dashed lines: change of optimal policy regime, to the right of which the emissions growth
cap binds.

framework. First, we shift the rate of time preference to p — n: larger future population
makes dynasties effectively more patient. Second, we shift the capital depreciation rate
to § + n: population growth dilutes capital per capita. Third, we shift the rate of progress
in carbon savings to g, — n: population growth is equivalent to higher total emissions
intensity of per capita emissions. With these three modifications, Propositions 1 and 2
apply. Appendix A.3 provides further details.

Extraction costs. We have assumed that producing energy requires the same bundle of
inputs as production of the final good. We also explore a more demanding formulation in
which energy production only requires labor, as detailed in Online Appendix E.2. Because
labor is the scarce factor, this formulation implies that the cost of energy rises faster than in
our benchmark specification, and thus emissions generally grow more slowly. Even then,
our results continue to apply. Corollary 1 in Online Appendix E.2 shows that Propositions
1 and 2 hold in this setup.

Exhaustible resource management with exploration. We have abstracted from the dy-
namic management of energy stocks—for instance, fossil fuels. While the time-varying

extraction cost x; stands in for rising scarcity, the optimal decision to extract or not affects
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the dynamics of energy prices, which may alter our conclusions. We consider a formula-
tion that incorporates the dynamic management of an existing stock of energy resources
as in Hotelling (1931) together with exploration at a cost that rises endogenously with
scarcity in Online Appendix E.3. Corollary 2 in Online Appendix .3 shows that Proposi-

tions 1 and 2 continue to hold in this setup.”

Endogenous technological growth. We have assumed that technological growth was
exogenous. If technological growth is the result of private innovation decisions as in
Grossman and Helpman (1991) and Aghion and Howitt (1992), optimal policy must also
intervene to align them with the social optimum. This change in the long-run growth rate
teeds back into emissions and may affect long-run carbon policy. We detail an extension
of our framework with these features in Online Appendix F.4. We continue to obtain the
same classification of growth paths within the laissez-faire, and within the efficient allo-
cation. The only difference from our baseline results is that growth rates are generally
shifted in the planner allocation because of innovation externalities—business stealing
and market size—that are unrelated to the carbon externality. Corollary 3 in Online Ap-

pendix E.4 shows that Propositions 1 and 2 hold in this setup.

Endogenous progress in renewables. We have assumed that progress in renewable en-
ergy was exogenous. If progress in carbon-free energy is the result of endogenous inno-
vation decisions, directing innovation to reduce the carbon intensity of production may
complement, or even dominate, rising carbon pricing over time when emissions would
otherwise escalate. We enrich our framework with endogenous growth in renewables in
the tradition of Grossman and Helpman (1991) and Aghion and Howitt (1992), similarly
to how we introduce it for general technological growth, in Online Appendix F.5.” We
continue to obtain the same classification of growth paths within the laissez-faire, and
within the efficient allocation. The only significant difference from our baseline results
is that growth rates are generally shifted in the planner allocation because of innovation
externalities that are unrelated to the carbon externality. Corollary 4 in Online Appendix

E.5 shows that Propositions 1 and 2 hold in this setup.

°0f course, if there is a tight upper limit on how much energy can be extracted, carbon stocks and tem-
perature eventually stabilize, and long-run growth in the laissez-faire coincides with the efficient allocation.
However, if potential energy sources are unbounded and exploration is possible, temperature may grow
without bound.

’This extension captures broadly similar forces to those in Acemoglu et al. (2012) and Hassler et al.
(2021).
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2.4 Nonlinear Climate Damages

An important feature of our analysis is that the damage function (7) imposes a log-linear
relationship between productivity and temperature. This formulation is consistent with
econometric specifications that estimate { using temperature variation (Dell et al., 2012;
Bilal and Kénzig, 2026). However, a wide range of damage function specifications have
been proposed in the literature. If damages are strongly concave in temperature—perhaps
because of unmodeled adaptation—they might not affect long-run growth. If damages
are highly convex—perhaps because of tipping points—they might have more dramatic
effects on growth.

To understand the role of the shape of the damage function, we propose a simple
classification. For expositional simplicity in this section, we focus on a unidimensional
climate system M = T = 1 and consider damage functions D(T) that are decreasing in
temperature T, and such that Z; = Z;D(T;). For every damage function D(T), we denote
D(T) = —logD(T).

We say that a damage function D(T') is asymptotically log-linear in temperature if there
exists a constant { > 0 such that the associated log damages D satisfy: D'(T) — {as T
grows large. This formulation is the one we use in (7). It is the most commonly adopted
specification in empirical studies of climate impacts and is also routinely used in struc-
tural models (Bilal and Kanzig, 2026). Because the logarithm of output is linear in tem-
perature, this damage function embeds nonlinearity in output levels.

We say that a damage function D(T) is asymptotically log-concave in temperature if
D'(T) — 0 as T grows large. This formulation implies that damages grow more slowly
than log-linearly as temperature grows. It includes the specifications across a wide range
of integrated assessment models (Nordhaus, 1992; Barrage and Nordhaus, 2024). In these
studies, the level of the damage function is specified as nonlinear in temperature, for in-
stance D(T) = ﬁ

is sublinear in logs, and, in fact, log-concave: D(T) ~ —dlog T. Therefore, the log-concave

for d > 0. While this specification allows for nonlinearities in levels, it

damage functions in Nordhaus (1992) and Barrage and Nordhaus (2024) impose less non-
linearity than our baseline (7).

We say that a damage function D(T) is asymptotically log-convex in temperature if
D'(T) — +oo as T grows large. This formulation implies that damages grow much
faster than log-linearly as temperature grows. It includes the specification in Golosov

et al. (2014), who specify log damages as a function of the level of the carbon stock M;.
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Given Arrhenius’ law, this specification is equivalent to a log damage function D(T) =
ZeT/9. Thus, the level of such a damage function is effectively super-exponential: D(T) =
e’ The log-convex damage function in Golosov et al. (2014) imposes more nonlin-
earity than our baseline (7).

Equipped with this classification of damage functions, we characterize how our re-
sults change when the damage function has different shapes. It is useful to define the
combination of parameters that corresponds to a determinant of temperature growth in
one of the cases: ¢ = %@M"), where / = L and » = N in the one-dimensional climate

model.
Proposition 3 (Growth with a Nonlinear Damage Function).
(i) If the damage function is asymptotically log-linear, Propositions 1 and 2 apply.

(ii) If the damage function is asymptotically log-concave, long-run growth rates are independent

of the climate and coincide in the laissez-faire (LF) and efficient (SP) allocations, and satisfy:
g =8—w, g, =g— mgy, fori =LF,SP.
(iii) If the damage function is asymptotically log-convex and if ¢ < w, Propositions 1 and ?
apply.
(iv) If the damage function is asymptotically log-convex and if ¢ > w, to leading order:
o In the laissez-faire: gt — 0, gyt — &y + go and Ty = D™1((g — w)t) as t — o0,
e In the efficient allocation:

- If g < w + 8, long-run growth rates of emissions, output and temperature coincide

with the laissez-faire.

-Ifg>w+9 gu — 0, ¢yt — gX+gg+gI+L:9 and T; = D71 (0t) as
t — +oo.
Proof. See Appendix A.6. O

Proposition 3 reveals that log-linear damage functions as in our baseline (7) are the
only class of damage functions for which long-run growth rates depend continuously on

damages, among log-linear, log-concave and log-convex damage functions.
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For log-concave damage functions as in Nordhaus (1992) and Barrage and Nordhaus
(2024), climate impacts only affect the level of economic activity. The growth rate of eco-
nomic activity is independent of the climate, because technological growth outpaces cli-
mate damages that grow more slowly. As a result, the laissez-faire and the efficient alloca-
tion share the same long-run growth rates. This configuration can be interpreted as one in
which (unmodeled) adaptation may mute an ever-growing share of direct log-linear dam-
ages. The same conclusions arise for log-convex damage functions when carbon savings
growth w is larger than technological progress g so that temperatures stabilize.

For log-convex damage functions as in Golosov et al. (2014) and when ¢ > w, cli-
mate impacts grow so large that the economy grinds to a halt. In the laissez-faire, output
growth cannot outpace growth in carbon savings ¢, + go. If the latter is negative be-
cause energy extraction costs are falling rapidly, immiserizing growth emerges. Carbon
emissions grow at an ever smaller rate that converges to zero exactly such that growing
climate damages offset technological progress. As a result, the time profile of tempera-
ture is fully determined by the damage function: T; = D~!((g — w)t). These formulas
are similar to sending marginal damages A to infinity in Proposition 1, consistent with
log-convex damages and growing temperature.

In the efficient allocation, we obtain a similar disjunction of cases to Proposition 2.
When technological growth g is below carbon savings w plus a threshold ¢ that reflects
energy intensity and the climate system, growth rates coincide with the laissez-faire.

The second case arises when technological growth ¢ exceeds carbon savings w plus the
critical determinant of temperature growth, #. The planner then places a cap on emissions
growth similarly to Proposition 2. However, instead of enforcing a constant exponential
growth rate g, > 0 which would lead to exploding damages, the planner controls the
rate at which emissions growth g,;; converges to zero to equalize marginal benefits and
marginal costs of energy use. This convergence takes place at a different rate than in the
laissez-faire.

By engineering this soft landing, the planner ensures that damage growth is capped at
¢ despite rising temperatures and log-convex damages. Thus, damages do not offset all
of technological progress and output growth benefits from technological progress g — w.
In our calibration, ¢ = 0.001, implying that the planner achieves a strictly larger output
growth rate than the laissez-faire in most parameter configurations. Temperature growth

is once more determined by the damage function: T; = D~1(9¢).
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Taking stock, Proposition 3 indicates that the degree of nonlinearity of the logarithm of
the damage function is the relevant metric for long-run climate impacts, not the degree of
nonlinearity of the level of the damage function. This result follows from the observation
that baseline technological growth is log-linear—that is, exponential in levels—and thus
dominates climate impacts from any log-concave damage function in the long run. Thus,
even highly nonlinear damage functions in levels can imply no long-run climate impacts,
while moderately nonlinear damage functions in logs can imply dramatic long-run cli-
mate impacts.

While the degree of nonlinearity of the damage function is of course an empirical
question, log-linear damage functions have two advantages. The first advantage is con-
ceptual: they deliver an informative intermediate case in which climate impacts depend
continuously on damage function parameters. The second advantage is practical: they
correspond to the majority of formulations that have been estimated in practice, and the
weight of empirical evidence suggests a robustly non-zero log-linear component of the
damage function. Therefore, we use our baseline log-linear damage function (7) in our

quantitative implementation.

3 Quantification

To assess whether the regime change from Propositions 1 and 2 is quantitatively relevant,
we specify the climate system and the parameters of our framework. First, we calibrate
a set of parameters to standard values from the literature. Second, we parametrize the
climate system. Third, we parametrize the damage function. Fourth, we estimate inter-
nally the key parameters that govern optimal policy—g,, gy and g—by matching out-
of-balanced-growth transitional dynamics between 1982 and 2019. We start in 1982 to
capture recent decades and exclude the oil shocks. We stop in 2019 to exclude the pan-

demic.

3.1 Data and External Parameters

Data. We obtain world Gross Domestic Product (GDP) and population data from the
World Bank. Global mean temperature anomaly data is from the National Oceanic and
Atmospheric Administration (NOAA). Carbon dioxide emissions from energy use are

from the Potsdam Real-Time Integrated Model for the probabilistic Assessment of emis-
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sion Paths (PRIMAP). We obtain world primary energy consumption from the Energy
Institute through Our World in Data.

Preferences and population. We set the rate of time preference to p = 0.03 and use log
utility v = 1. We use the isomorphic formulation with population growth from Appendix

A3, with population growth set to its world average between 1982 and 2019: n = 0.015.

Production. Following standard practice, we set the capital share to & = 0.3, the capital

depreciation rate to 6 = 0.08 and the energy share to its world average of ¢ = 0.05.

3.2 Climate System

We use the quantified climate system from Folini et al. (2024). It includes three carbon
sinks: the atmosphere, the upper ocean, and the deep ocean. It features two tempera-
ture layers: a combined atmosphere-upper ocean layer and a deep ocean layer. We verify
that the parametrization we use matches CMIP5 temperature impulse response functions
from large-scale climate models. We describe our climate system in more detail in Ap-
pendix B.

We use the parametrized climate system to construct initial conditions for the rest of
the estimation in 1982. We take 1850 to be the pre-industrial steady-state of the climate
system. Given the parametrized matrices A, B,N, H, F,;, we calculate the steady-state
carbon stocks Mg, in all sinks and temperatures T, in all layers. Next, we follow Folini
et al. (2024) and input the observed path of emissions between 1850 and 1982. Iterating
over the climate system delivers carbon stocks Mjgg, and temperatures T1og, that we use
as initial conditions for the rest of the estimation. Figure 2 shows that this procedure
delivers a path of global mean temperatures that aligns with the data—up to natural

climate variability that we do not directly model in this paper.

3.3 Damage Function

We use an asymptotically log-linear damage function with persistent level effects that
loads on temperature in the combined atmosphere-upper ocean layer with temperature
= t
T4: 7 = Zsexp (= fy 6s(TA, — Td)ds),
We explore a broad set of values for the magnitude of cumulative climate damages
7= 0°° (sds. Modern estimates range from 3% to 25% output losses per 1°C of warming

depending on the empirical methodology. We select the endpoints of this range by using
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Figure 2: Climate Dynamics Between 1850 and 1982
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Notes: Dynamics of the climate system between 1850 and 1982, obtained by feeding the observed path of carbon emissions into the
parametrized climate system of Appendix B, starting from its pre-industrial steady state in 1850. Panel (a): temperature change in the

combined atmosphere and upper ocean layer. Panel (b): carbon stock in the atmosphere. Panel (c): temperature change in the deep
ocean layer. Solid green lines: climate model. Dashed black lines: data. Temperatures normalized to zero in 1850.

two damage functions from Bilal and Kénzig (2026) in our exercises, as their empirical
strategy applies directly to our framework.

For the lower end of the range we consider the damage function ¢1°?.. It is estimated
using annual variation in local, country-level temperature as in Dell et al. (2012) and
Burke et al. (2015). This approach leads to a damage function with cumulative impact
7o = [ glocalgs — 0.036.

For the upper end of the range we consider the damage function (;

lobal . .
& °bal Tt is estimated

using annual variation in global temperature directly—itself driven by phenomena such
as solar cycles, El Nifio or volcanic eruptions—and is a closer counterpart of the damage
function in the framework. This approach leads to a damage function with cumulative
impact ZgIObal = fooo ?IObalds = 0.25. It is seven times larger because global tempera-
ture fluctuations capture damaging extreme weather events such as extreme rain, wind
and droughts that are not strongly correlated with idiosyncratic local temperature real-

izations, as well as cross-regional spillover effects.

3.4 Carbon Savings and Technological Growth Rate

We estimate the growth rate of carbon savings ¢y, - and technology ¢ internally.

Emissions intensity and extraction cost growth rates. In our framework, the growth
rate of emissions to energy use, E}" / E;, is equal to the growth rate of emissions intensity

or. Similarly, the growth rate of the extraction cost yx; is equal to the growth rate of output
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per unit of energy Y;/E;. These relationships only depend on static equations of the model
and hold away from a constant growth path. Thus, we target these average growth rates
directly in the data between 1982 and 2019. Despite progress in less carbon-intensive
energy generation, we estimate a relatively low value g, = 0.003, which, combined with
population growth, is necessary to rationalize rising emissions over time. Similarly, we

estimate g, = 0.012. These estimates let us construct w = (1 + 77)gy + go-

Technological growth rate. Estimating technological growth ¢ is more challenging. If
the economy were on a constant growth path in the data, Propositions 1 and 2 would
let us read off ¢ from output growth gy. However, the climate system is still far from a
constant growth path. Oceans take centuries to fully catch up to atmospheric tempera-
tures, while emissions have been growing at current rates for only a few decades. Thus,
the rate of warming is still below what it would be on a constant growth path in which
oceanic temperatures have caught up. As a result, economic damages are growing at an
increasing rate over time, and the entire economy is away from constant growth.

We address this challenge with a simulated method of moments. For each technologi-
cal growth rate g, we solve the nonlinear transition of the model from its initial conditions
in 1982—including the initial conditions of the climate system that we obtained in Section
3.2—to its long-run constant growth path. We search for the rate of technological growth
g that allows us to match the time series of output between 1982 and 2019 to the first 38
years of the transition in the model.”

Figure 3 displays the results of the estimation. Panel (a) shows that output growth
from 1982 to 2019 identifies technological growth g. As expected, increasing g raises the
path of output upward. We infer that technological growth is g = 0.02 per year. Panels
(b) and (c) reveal that the estimated model fits the data well on additional dimensions
between 1982 and 2019. Although not surprising because we match the average growth
rates of the ratio of emissions to energy, the ratio of energy to output, and the path of
output, panel (b) indicates that the path of emissions from energy use in the model is
close to the data at all times. Panel (c) shows that the path of global mean temperature is
also close in the model and in the data between 1982 and 2019.

8We estimate ¢ under the damage function ¢#l°bal,
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Figure 3: Estimation of g and Output and Climate Dynamics Between 1982 and 2019
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The model starts from 1982 initial conditions, including the climate state from Figure 2, and is solved nonlinearly to its long-run
growth path. Panel (a): world output relative to 1982 for a range of values of g, against the data. The estimated value is g = 0.02.
Panels (b) and (c): emissions from energy use and surface temperature change at the estimated g. Solid green lines: model. Dashed
black lines: data.

4 Growth and Climate Change

Equipped with the estimated model, we assess the effect of climate change and optimal
policy on economic growth. We first illustrate the two policy regimes by considering
the endpoints of the modern empirical range of damage functions. Next, we report our
results for intermediate damages. Finally, we discuss how our results change when we

introduce backstop technologies or nonlinear damage functions.

4.1 Growth and Climate Change with Low Damages

We begin our analysis under a conventional damage function {!°@ based on estimates
using local temperature variation.” We start the economy from initial conditions in 2020
and compute transitional dynamics to its long-run growth path. We compare the laissez-
faire and efficient allocations, and the carbon prices that implement the first-best.

Figure 4 displays transition paths under local damages for output per capita, con-
sumption per capita and temperature. Appendix Figure 9 reports the paths of produc-
tivity, energy use per capita, emissions per capita, and carbon prices. Panel (a) shows
the path of output per capita from 2020 to 2200. In the estimated model, climate dam-

ages based on local temperature variation place the economy in the regime in which the

9Since we estimated the model under 81°°2, we rescale exogenous productivity at date t = 0 so that
initial conditions and output coincide in both specifications, making counterfactuals comparable.
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Figure 4: Laissez-Faire and Efficient Transitions: Local Temperature Damage Function

(a) Output per Capita (b) Consumption per Capita (c) Surface Temperature
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Notes: Transition paths in the laissez-faire and in the efficient allocation under the local temperature damage function ¢!, estimated
with local temperature variation and with cumulative impact [;° glocalds = 0.036. The economy starts from 2020 initial conditions.
Panel (a): log output per capita. Panel (b): log consumption per capita. Panel (c): temperature in the combined atmosphere and
upper ocean layer, in °C. Solid blue lines: laissez-faire. Dashed red lines: efficient allocation. Appendix Figure 9 reports the paths of
productivity, energy use per capita, emissions per capita, and carbon prices.

planner chooses the same long-run growth rate as in the laissez-faire: g/f = g% = 3.1%.

Along the transition path, efficient output falls slightly below output in the laissez-
faire. This gap arises because the planner internalizes the carbon externality. The planner
chooses to lower energy consumption—or decentralize it with carbon pricing—so that
output initially falls below the laissez-faire. Output catches up to the level of the laissez-
faire over the course of a century. Eventually, the level of efficient output exceeds the level
of output in the laissez-faire because climate damages are lower.

Panel (b) indicates that despite output falling below the laissez-faire, the planner main-
tains consumption above the laissez-faire levels at all times due to less energy extraction
and a lower need to invest in capital. While the gap in consumption levels is initially
modest, it eventually opens up more visibly after multiple decades.

The consumption-equivalent welfare gain of switching from the laissez-faire to the
efficient allocation is 1.2%. These gains are modest because the consumption gains are
themselves moderate and largely back-loaded. This feature in turn follows from rela-
tively minor climate damages. The damage function implies that every permanent 1°C
increase in temperature leads to a 3.6% productivity loss. Given our rate of time prefer-
ence, background economic growth, and the energy share, the planner can only achieve
moderate gains relative to the laissez-faire.

Panel (c) reveals that even modest differences in the path of output and energy use

can translate into meaningful differences in the temperature path. Under the laissez-faire,
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global mean temperature rises by an additional 2.2°C by 2100 relative to 2020, or 3.2°C
above pre-industrial levels. By 2200, temperature is more than 7°C above 2020 levels,
and thus 8°C above pre-industrial levels. By contrast, the efficient allocation reduces 2100
warming to 1.5°C above 2020 levels (2.5°C above pre-industrial levels) and 2200 warming
to 4.8°C above 2020 levels (5.8°C above pre-industrial levels).

Propositions 1 and 2 indicate that temperature growth is linear on the constant growth
path. While output, capital and consumption grow close to log-linearly along the transi-
tion, the temperature path is more convex. Initially, the climate system is still far from the
growth path as deep ocean temperature is lagging behind atmosphere and upper ocean
temperature. This initial gap between temperature in the two layers slows down temper-
ature growth in the upper layer. Once the deep ocean temperature growth catches up,
temperature growth in the atmosphere and the upper ocean accelerates and reaches its
constant growth path speed. This catch-up process closes in the second half of the 2274
century. As this process converges, temperatures rise by 8°C per century on the balanced

growth path in the laissez-faire and in the efficient allocation.

4.2 Growth and Climate Change with High Damages

We contrast the results from Section 4.1 with those under a larger damage function ¢#'°bal
based on estimates using global temperature variation. In that case, the cumulative dam-
age function is nearly seven times larger and is a more comprehensive representation of
the many manifestations of climate change beyond idiosyncratic, local temperature fluc-
tuations. Propositions 1 and 2 indicate that larger climate damages can place the economy
in a regime in which the efficient allocation differs substantially from the laissez-faire.
Does the change of regime arise under the larger damage function based on global tem-
perature variation?

Figure 5 displays transition paths under global temperature damages for output per
capita, consumption per capita and temperature. Appendix Figure 10 reports the paths of
productivity, energy use per capita, emissions per capita, and carbon prices. We find that
a damage function based on global temperature variation indeed places the economy in
the regime in which the efficient and laissez-faire allocations differ markedly. Panel (a)
shows the path of output per capita from 2020 to 2200. The long-run growth of output
is gLF = 2.4% in the laissez-faire, inclusive of 1.5% population growth. It falls somewhat

over time in the laissez-faire, because of slow adjustments in the climate system that imply
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Figure 5: Laissez-Faire and Efficient Transitions: Global Temperature Damage Function
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Notes: Transition paths in the laissez-faire and in the efficient allocation under the global temperature damage function 8%, es-
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conditions. Panel (a): log output per capita. Panel (b): log consumption per capita. Panel (c): temperature in the combined atmo-
sphere and upper ocean layer, in °C. Solid blue lines: laissez-faire. Dashed red lines: efficient allocation. Appendix Figure 10 reports
the paths of productivity, energy use per capita, emissions per capita, and carbon prices.

that damages accumulate more rapidly later in the transition. By contrast, the efficient
allocation achieves a long-run output growth rate a third higher than the laissez-faire, at
gy =3.2%.

Along the transition path, efficient output per capita initially falls below laissez-faire
output by 9%. As the planner internalizes the carbon externality, they cut back on energy
use to limit the accumulation of carbon in the atmosphere. Of course, this decision is
intertemporally optimal, as the planner understands that long-run reductions in climate
damages are preferable to higher output today. After forty years of reduced output rel-
ative to the laissez-faire, efficient output eventually catches up because of lower climate
damages. Over time, efficient output outpaces laissez-faire output markedly. In 2100,
output is 20% larger in the efficient allocation than in the laissez-faire. In 2200, this ratio
compounds to 123% due to the permanent gap in growth rates.

Panel (b) indicates that the initial fall in output leads to smaller short-run consumption
losses of 3%: investment absorbs a large fraction of the decline in output due to less
energy extraction and lower incentives to save. However, consumption catches up to
the laissez-faire by 2050 and eventually substantially exceeds it. By 2200, consumption is
more than 138% larger in the efficient allocation than in the laissez-faire. Consumption
gains are larger than output gains because lower capital requires less investment.

The consumption-equivalent welfare gains of moving from the laissez-faire to the ef-
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ficient allocation are markedly larger than under the local temperature damage function.
With a global temperature damage function, the welfare gain is 26.3%, or twenty-two
times the gains with a local temperature damage function. These gains are larger partly
because the damage function is larger, and thus there is more to gain from implementing
the optimal policy. Yet, gains are twenty-two times larger, while the cumulative damage
function is seven times larger. Thus, the planner achieves larger relative gains when the
damage function is larger. We unpack this observation in the next section.

Panel (c) reveals that the path of global mean temperature differs meaningfully be-
tween the laissez-faire and the efficient allocations. Under the laissez-faire and the global
temperature damage function, the rise in global mean temperature is comparable to the
rise under the local temperature damage function.'’ The efficient allocation limits 2100
warming to 0.4°C above 2020 levels (1.4°C above pre-industrial levels) and 2200 warming
to 0.8°C above 2020 levels (1.8°C above pre-industrial levels).

Our analysis uncovers that the efficient allocation imposes a warming cap of 0.4°C per
century, or 0.04°C per decade. This cap is twenty times tighter than the rate of warming
in the laissez-faire, which reaches 8°C per century in the long run, or 0.8°C per decade.
This cap arises despite our analysis relying on entirely standard cost-benefit tools and
without appealing to a precautionary principle. The cap emerges as an optimal policy
because carbon is a unit root process whose accumulation leads the dynamic marginal

cost of energy use to exceed its static marginal product when emissions grow fast.

4.3 Climate Policy and Welfare Gains by Climate Damages

Does the optimal policy regime switch occur only at the high end of the empirical range
of damage functions? To answer this question, we consider climate damages that span
the entire range of modern empirical estimates. We calculate optimal policy and welfare
gains for damage functions that range from no damages at all to global temperature dam-
ages, including local temperature damages, by scaling the damage function to change its

cumulative impact.'’ We start by asking whether a binding temperature cap is specific to

101t is slightly lower because larger damages reduce output and therefore emissions. Yet, this difference
in the level of flow emissions is quantitatively small compared to the accumulating stock of carbon driven
by growing output and emissions.

The persistence of the local temperature damage function differs slightly from the persistence of the
global temperature damage function. In our comparisons in this section, we refer to the ‘local temperature
damage function” as the one that features the same persistence as the global temperature damage function,
but is scaled so that its cumulative sum coincides with that from the baseline local temperature damage
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the high end of damage estimates, or whether it may apply more broadly.

Figure 6(a) displays the rate of warming on the constant growth path as a function
of the magnitude of climate damages. Consistent with Section 4.1, the laissez-faire and
the efficient allocation allow for 8°C of warming per century in the long run when dam-
ages are low at 3.6% per 1°C. However, the figure reveals that the cap starts to bind for
moderately larger damages that exceed 4.5% per 1°C. In fact, the 95% confidence interval
around damage estimates based on local temperature variation is [-2.3%, 11.3%]. Thus,
the cap binds even for a large fraction of plausible values for damage estimates based on
local temperature variation.

The temperature growth cap falls steeply as damages increase, consistent with Figure
1. For instance, for intermediate damages of 10% per 1°C, optimal policy caps temper-
ature growth at 1.8°C per century in the long run, well below long-run warming of 8°C
per century when damages are at the lower end of the range. These results suggest that
the optimal policy regime that involves a cap on temperature growth is not specific to the
high end of damage estimates, but rather applies to a broad range of plausible damage
functions.

These distinct policy regimes correspond to different welfare gains. Figure 6(b) dis-
plays welfare gains from switching from the laissez-faire to the efficient allocation as a
function of the magnitude of climate damages. We compare these welfare gains to wel-
fare gains in a scenario in which temperature exogenously stops increasing in 2020. This
latter scenario is of course infeasible in our framework, but provides a useful benchmark.

The welfare gains from the optimal policy are increasing with the magnitude of cli-
mate impacts. Larger damages imply that there is more to gain from correcting the carbon
externality.

Welfare gains from holding temperatures constant at 2020 values scale nearly propor-
tionally with climate impacts. Climate damages are a constant proportion of output, and
thus eliminating them increases output, consumption and welfare by a constant propor-
tion. These gains represent the unconditional losses from the carbon externality.

By contrast, welfare gains from implementing the efficient allocation are convex in
climate impacts. At low climate impacts, welfare gains remain close to zero. At large
climate impacts, welfare gains rise nearly linearly. Why does the planner recover only

a small proportion of unconditional losses from climate change at low damages, but a

function.
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Figure 6: Long-Run Warming and Welfare Gains by Climate Damages
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profile constant. Panel (a): rate of warming on the constant growth path, in °C per century, in the laissez-faire and in the efficient
allocation. Solid blue line: laissez-faire. Dashed red line: efficient allocation. Dotted gray line: warming cap implied by the emissions
growth cap g, from equation (13). Panel (b): welfare gains, measured as consumption-equivalent variations relative to the laissez-
faire, from the efficient allocation and from a counterfactual in which temperature exogenously stops increasing in 2020. Solid black
line: welfare gains if temperature exogenously stabilized in the initial period. Dashed red line: welfare gains from implementing the
efficient allocation. Vertical lines: local temperature damage calibration (0.036), change of optimal policy regime (0.045), and global
temperature damage calibration (0.25).

larger proportion at high damages? To understand these patterns, recall that the efficient
allocation maximizes welfare at all values of damages, including no damages at all. When
damages are low, the economy is close to the no-damage efficient allocation. Any real-
location of consumption and energy use leads to second-order gains, while direct losses
due to damages are first-order: the planner has only a limited ability to offset climate
change impacts. By contrast, when damages are large, the economy is far away from the
no-damage efficient allocation. Second-order gains from reallocating consumption and
energy use can become comparable to direct losses, and the planner manages to recover
close to a constant proportion of climate change impacts.

Having established that the temperature cap binds across a wide range of damage es-
timates and can lead to sizable welfare gains, we examine the robustness of our results in
the quantitative framework. The final two sections assess whether the arrival of a back-

stop technology or departures from log-linear damage functions affect our conclusions.
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4.4 Backstop Technology

So far our analysis abstracts from technological breakthroughs that would stabilize tem-
peratures at near-zero cost. While the likelihood of such breakthroughs ever occurring
is necessarily uncertain, one may reasonably argue that a backstop technology will be-
come available, that fossil fuels will run out, and that warming will eventually stabilize
one way or another. Does our theoretical characterization in which temperatures keep
rising provide a reasonable approximation to the allocation if a backstop were available?
We answer this question by introducing a backstop technology at various horizons in our
quantified model. The future arrival of the backstop technology is anticipated from 2020
onward.

When the backstop emerges, temperatures exogenously stabilize, and remain constant
thereafter. We consider the high damage case, in which the backstop is likely to make the
largest difference. We explore various dates at which the backstop arises: 2050, 2100,
2200 and 2500. Figure 7 displays output per capita in the laissez-faire and the efficient
allocation, and Appendix Figure 11 reports other outcomes.

The allocations with and without a backstop technology are virtually identical prior
to the arrival of the technology. This conclusion holds for all backstop arrival dates and
for the laissez-faire and the efficient allocation. There are some anticipation effects in the
efficient allocation, where the shadow cost of carbon falls as the backstop arrival nears.
Quantitatively, however, these anticipation effects are small.

Of course, once the backstop technology has arrived, the allocations differ meaning-
tully from those without the backstop. Once temperatures stabilize, climate damages stop
growing. The economy then switches to a different growth rate, and the allocations start
drifting apart. The divergence is less pronounced in the efficient allocation, where the
planner achieves a growth rate that is closer to the one without damages.

Why are there almost no anticipation effects? In the laissez-faire, energy demand (8)
is static: firms fail to internalize the dynamic implications of carbon accumulation, im-
plying that the future arrival of the backstop does not change decisions much beyond its
implications for future growth. In the efficient allocation, the planner internalizes that
carbon follows a unit root process. Any additional ton of emissions remains in the carbon
cycle, depressing output forever. Thus, it remains optimal to cap temperature growth

regardless of the arrival of the backstop.
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Figure 7: Backstop Technologies: Output per Capita
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dotted and thin dotted lines: backstop arriving in 2050, 2100, 2200 and 2500.

4.5 Nonlinear Damages

So far our quantitative analysis has relied on a log-linear damage function. Proposition
3 shows that nonlinear damages exacerbate our baseline results: long-run growth either
remains independent of climate change for log-concave damages, or grinds to a halt for
log-convex damages. Empirically, it is challenging to distinguish between these three
cases: plausibly exogenous historical fluctuations in temperature are too small to conclu-
sively rule in or rule out specific functional forms.

We explore how our results change when we use alternative damage functions. First,
we consider a quadratic damage function in levels as in Nordhaus (1992) and Barrage and
Nordhaus (2024). This damage function, while convex in levels, is log-concave. Second,
we consider a super-exponential damage function, which is log-convex and corresponds
to the one used in Golosov et al. (2014) after incorporating Arrhenius’ law.

We recalibrate each damage function so that its marginal damages coincide with those
of the log-linear damage function at 1°C of warming above pre-industrial levels, the his-
torical warming at which the empirical estimates are identified. We then solve the model
quantitatively, and compare the resulting dynamics between damage functions. Figure
8 displays output per capita in the laissez-faire and in the efficient allocation. Appendix

Figure 13 depicts additional outcomes. For this exercise we report results up to year 3000
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Figure 8: Nonlinear Damage Functions: Output per Capita
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warming at which the empirical estimates are identified. Panel (a): laissez-faire. Panel (b): efficient allocation. Solid lines: log-linear
damages. Dashed lines: log-concave damages. Dash-dotted lines: log-convex damages.

to illustrate the role of nonlinearities in the very long run.

Three conclusions emerge. First, for the foreseeable future—until 2200—the particular
functional form of the damage function does not strongly affect the results. Provided the
damage function is calibrated to the same empirical target, warming up to 5°C does not
trigger strong nonlinearities: Appendix Figure 12 shows that marginal damages remain
of the same order of magnitude in that range. Of course, the log-linear damage func-
tion delivers a transparent growth path, along which the characterization of Section 2 is
possible. We view this property as a theoretical advantage.

Second, in the very long run, the shape of the damage function matters substantially
more. After 5°C of warming, marginal damages in the log-convex damage function rise
steeply, stifling economic growth after 2200. By contrast, marginal damages in the log-
concave damage function fall. In that case, in the very long run, economic growth remains
independent of climate change, and growth occurs faster than with log-linear damages.

Third, the efficient allocation and the underlying optimal policy remain largely un-
changed over any reasonable time horizon. The planner internalizes climate damages,
regardless of their particular functional form. Thus, they tightly limit warming by impos-
ing an exact or approximate temperature growth cap. Long-run dynamics remain similar

because temperature rises little, limiting the role of nonlinearities.
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5 Conclusion

This paper studies long-run growth and optimal climate policy in an integrated assess-
ment framework in which temperatures may continue to increase for the foreseeable fu-
ture. Because carbon accumulates permanently, climate damages affect long-run growth.
Balanced growth remains possible in the laissez-faire, but climate damages slow it down.
Optimal policy is characterized by a regime switch. When damages are below a threshold,
the planner corrects levels but not long-run growth rates, and carbon is priced at a con-
stant rate relative to extraction costs. When damages are above that threshold, the plan-
ner places an endogenous cap on emissions growth, which slows temperature growth
and raises long-run economic growth relative to the laissez-faire.

Quantitatively, this regime switch is key for welfare and for the long-run trajectory
of the economy. Under conventional damage estimates based on local temperature vari-
ation, optimal policy delivers modest welfare gains and largely preserves laissez-faire
growth, even though it lowers the temperature path. However, even for moderate devia-
tions from these estimates, and for larger damage estimates based on global temperature
variation, optimal policy induces a qualitatively different transition: it front-loads mitiga-
tion, compresses long-run warming, and increases long-run growth by limiting escalat-
ing productivity losses from cumulative carbon. As a result, welfare gains rise more than
proportionally with damages. Taking the very long run seriously shows that standard
cost-benefit analysis can imply tight temperature-growth targets, without invoking the

precautionary principle.
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Appendix

A Proofs

A.1 Energy cost

In this section we show the equivalence between an energy cost denominated in units of
the final good—as in the main text—and energy production using the same production
function as for the final good.

Suppose that energy is produced according to: E; = x; 'F(Z:, KE,LF, EF), where E
superscripts denote inputs into the production of energy, and x; now indexes relative
total factor productivity in the energy sector. We use Y superscripts to denote inputs
into production of the final good. Similarly, we have: Y; = F(Z;, KY,L},E)). Finally:
Er=EF +E.

In the laissez-faire and in the planning allocation, the marginal products of inputs

are equalized across sectors because of factor mobility. Let x; = K7 /(Z;L}) and &}

E?/(Z:L?) denote input ratios for sector S. We obtain: Fy(1,«),1,e) = F;(1,xF,1,¢F)

for each input I. Given constant returns, these conditions imply that input ratios x} =

x; and ef = ¢ are equalized across sectors S = Y,E. Therefore, we define: F;
F(Zt,x1Zt,1,€1Z;) so that Y; = L} F} and E; = LEF;.

The resource constraint becomes:
Ci+Ki+0Ki =Yy = LYF = (L — LEYE} =Y — xiEy,

where Y; = F (Zt, Ky, L, Et) since input ratios are common across sectors, so that they are
also equal to aggregate input ratios: K;/(Z;L¢) = «; and E¢/(Z:Li) = &;. Therefore Y,
corresponds to output as if all resources were allocated to the final good. This resource
constraint coincides with the one in the main text.

The household budget constraint becomes: C; + K; = 1K + wy. By constant returns
and factor mobility, the final good and energy firm problems lead to: Y; = (r; + 6)K} +
wiLY + pEY and Ey = x; '[(rs + 0)KE + w;LE + p;EE]. Therefore: rK; +w; = Y — piEs

as in the main text.
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A.2 Microfoundation of Time-Varying Carbon Intensity

Assume that energy is a Cobb-Douglas aggregator of two energy sources: fossil fuels By

that are emissions-intensive and renewables G; that are emissions-free.
1_
E =B PcP

Production of fossil fuels and of renewables requires x? and x© units of the final good,

respectively. Competitive markets imply that production of the energy bundle costs:

pr o Py f B\1 G

c) =k (25 ) () = 0rGh HGP) = B,
1-p p

where ® = g7F(1 — B)~(1-#) and we define y; = @(xF)!#(x%)P. This expression coin-

cides with the one we use in the main text and relates the energy bundle extraction cost

to the extraction cost of fossil fuels and renewables.

Expressing fossil-fuel use in the same units as emissions, we have:

E

p pe f AW
;“:&:(1-,@)-%5:(1—/3)@ —fB E;=(1-B)© —fB E; = 0}E;,
P: Pt Xt

where the second equality uses optimal demand of fossil fuels by the intermediaries that

p
bundle fossil fuels and renewables, and where we defined: 0; = (1 — B)© (i-i) .
t

Finally, with our convention of a negative sign on g,:

gx = (1= B)gxs + B8xc 8o = BgxB — BxG Sx T 8o = §xB-

With a Cobb-Douglas energy bundle, technical progress in renewables leads to higher
fossil fuel demand because of the unit elasticity of substitution. As aresult, gy + g = gyB

is entirely determined by technological progress in fossil fuels.

A.3 Population Growth

In this section we show that our model can be rescaled to accommodate population

nt

growth. Assume that population L; grows at rate n: L; = ¢'"'. We denote per capita
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variables as before, and aggregate variables with a bar. Dynastic preferences are then:
/ e_PtLtU(Ct)dt = / 6_(p_n)tU(Ct)dt.
0 0

Thus, we need to shift the rate of time preference to p — n.

The production function implies that aggregate output Y satisfies:
Y, = ((Ltzt)l—“fi‘)l_wiﬁ’ ~ L (Z}—“K;">1_¢E;’J = LyY; = LiF(Zy, Ky, 1, Er).
The resource constraint is:
Ci+Ki =Y, — oK.
Using that Kg = K;L; + K;Lsn, we obtain the per capita resource constraint:

Ct—|-Kt = Yt — (5—|—1’1)Kt

Thus, we need to shift the capital depreciation rate to  + n.

The budget constraint of the representative dynasty is:
Ci +K; = r1K; + wy.
As for the resource constraint:
Cr+ Ki = (ry — n)Ks + wy.

Thus, we need to shift the interest rate to r; — n.

Emissions are:
—m —
E; = 0:LiE; = 0tEy,

where the growth rate of ¢} is now g, — n.

The firm’s optimality conditions are:

Y Y,
nto=al-yg=el-y)p  w=0-0)1-9)p =Yg
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We can rewrite the capital demand equation:

(re— 1)+ (64 1) = a1 —tp)%,

which is then consistent with our rescaling above.

A.4 Proof of Proposition 1
A4.1 Economic module

Consider an asymptotic growth path. Let gz be the asymptotic growth rate of produc-
tivity. The resource constraint requires that the growth rates of output, consumption and
capital are equal: gy = gc = gx. The Cobb-Douglas production function implies a con-
stant energy share, and thus: g, + ¢¢ = gy. The structure of the production function then
requires: gy = a(l —¢)gy + (1 — a)(1 — ¢)gz + Pgr, which we rewrite: (1+ )9y =
gz + mgg. Substituting out ¢ and solving for gy yields: gy = gz — 71gy. From the defini-
tion of emissions, they grow asymptotically at rate: g, = g¢ — g0 = &y — §x — 8o, Where

we choose the convention: 0; = gpe 8%

A.4.2 Climate module

We now turn to the asymptotic behavior of the climate module. We divide the analysis

into three different cases, corresponding to three different emissions regimes.

Case 1: Growing emissions g, > 0. We start from E/" = mefn! + O(1) on the growth

path. We organize the proof in a sequence of claims.
Claim: M; grows at rate g, asymptotically.

To prove this claim, observe that the asymptotic behavior of the carbon cycle is given
by the solution to: M; = AM; + mefn! m + O(1). The explicit solution is: M; = eAM, +
Tesmt f; e*(A=8)ds m, where I denotes the identity matrix. Since A has a single zero
eigenvalue and all other eigenvalues have strictly negative real parts, and g, > 0, the
homogeneous component e/AMj converges exponentially to a constant, and the integral
fot es(A=8n1) ds converges exponentially to a constant as well. Therefore, M; grows at rate

gm asymptotically.
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Claim: T; grows linearly at speed g;,0 asymptotically.

To prove this claim, observe that since forcing is log-linear in atmospheric CO,, which
(asymptotically) grows at a constant rate, forcing must (asymptotically) grow linearly
with a constant slope ap = gh: F; = tag + O(1). Therefore, temperature dynamics are
asymptotically given by:

T; = BT; + tNag + O(1).

Solving for T;:
t t
T, = /BT, +/ e!=9)Bs Nagds + O (/ e(ts)Bds>
0 0

Recall that B = C~!(D — L). The properties of D, L imply that B is a Metzler matrix
with D irreducible. Hence, B has eigenvalues with strictly negative real parts, implying

t—s)

that e'8T converges exponentially to zero. Similarly fot e(!=9)Bds converges exponentially

to a constant. Integrating by parts since B is invertible implies that: fot e(t=5)Bs Nds =
—tB~IN + O(1). Therefore:

T; = —tguB 'Nh + O(1) = tgu(L — D) th+ O(1) = tg,0 + O(1),

where the thermal capacity matrix cancels out in the B inverse and the definition of N.
Since L — D is a nonsingular M-matrix, its inverse is a positive matrix, in that it maps the

positive orthant into itself. Thus, 6 > 0 with at least some strictly positive entries.

Claim: Y; grows atrate gy = gy + g0 + %:—ZJ. The condition g,; > 0 becomes ¢ — w >

To prove this claim, we turn to the asymptotic dynamics of Z; and check that asymp-

totically linear temperature delivers constant growth. log Z; = log Zy + gt — {' (T — Teg).
log Z; =log Zy + gt — Agmt + O(1),

where A = 7'0.
Using the expression for gy and g, we obtain gy = § — A(gy — &y — §») — 7gy- Re-
arranging: (1+A)gy = ¢ —w + (1+ A)(gy + g0 ), which delivers the expression in Propo-
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sition 1. The condition g, > 0 then becomes ¢ — w > 0.

Case 2: Falling emissions g, < 0. The derivations in Case 2 mirror those from Case 1.
Emissions are asymptotically equal to zero. By mass conservation, carbon masses in all
sinks are asymptotically constant. Radiative forcing is therefore also asymptotically con-
stant. With constant forcing, temperature is asymptotically constant, and so are damages.
Hence, Z; grows asymptotically at constant rate g. Using the expression for gy as a func-
tion of gz, the growth rate of output is simply: ¢y = ¢ — 7gy. Using the expression for

gm as a function of gy, the condition that g, < 0 is thus equivalent to: g < w.

Case 3: Constant emissions g, = 0. The derivations in Case 3 mirror those from Case
1. Carbon grows asymptotically linearly in time since the dominant term in fOt e*Ads cor-
responds to the zero eigenvalue. As a consequence, radiative forcing grows log-linearly
in time: F; = hlogt + O(1). Similar calculations to those above then imply that temper-
atures grow asymptotically log-linearly: T; = 6logt + O(1). This property implies that
Z; asymptotically grows at a constant rate g, and economic variables grow as in Case 1.

gm = 0 then corresponds to g = w.

A.5 Proof of Propositions 2 and 4

In this section we prove Proposition 2 under log utility, and we prove its variant under
general CRRA utility, which we state below.

Away from logarithmic utility, the classification of efficient growth paths is richer than
under log utility, although it retains the same overall structure. We provide a partial

characterization below.

Proposition 4 (Efficient Growth With CRRA Utility). If A < 7, then g, = oo for any v,
and growth rates coincide with those in the laissez-faire from Proposition 1. If A > 7, there exists
a threshold p > 0 such that, if p < p and v # 1:

o If v > 1: the efficient allocation admits a unique asymptotic constant growth path. There

exists a unique finite threshold g, such that the results from Proposition 2 apply conditional
ong,.
o If v < 1: any asymptotic growth path admits the structure from Proposition 2(i) or (ii).
For oy = 1, Proposition 2 applies for all p > 0.

We organize the proof in several steps.
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A.5.1 Optimality conditions

The current-value Hamiltonian of the planner’s problem is:

H = U(Ct> -+ )\t (F(Z(Tt),Kt, 1, Et) — XtEt — Ct — 5Kt>

— #i(AM; + 01Eim ) — v} (BT, + NF; -+ NH(log M; — log M) ),

where we normalize y;, v; so that they are positive. The optimality condition and co-state
equation for capital accumulation lead to the Euler equation: vCt/Ct = Fx(Zt, K¢, 1,Ep) —

d —pand Ay = 1/ (C;). The optimality condition with respect to energy is:

Y} Ot /

Xt = 1/’E—t - ml‘tm'

The co-state equations for carbon and temperature are:
p]lt — ﬂt = A/]/lt + D(Mt)_lPVt ‘01/1L — f/t = u’(Ct)YtZ —+ B/I/t

where D(M) = diag((M;);) denotes the diagonal matrix with the vector M on the diago-
nal, P = (NH),and = (1 — a)(1 — ¢){. The transversality conditions are:

e Pu'(CHKy — 0 e Py oMy — 0 e Py, 0Ty — 0,
where o denotes the element-wise product.

A.5.2 Constant growth path

Economic module. The economic module behaves as in the laissez-faire, except for en-
ergy demand. Consider an asymptotic growth path. Let gz be the asymptotic growth
rate of productivity. The resource constraint requires that the growth rates of output, con-
sumption and capital are equal: gy = gc = gx. The structure of the production function
then requires: ¢y = a(l — )9y + (1 —a)(1 — )¢z + Ygr. The capital transversality
condition implies: (1 —)gy < p. However, energy demand now depends on whether
the extraction cost or the shadow value of emissions grows faster in the long run. To

determine it, we turn to the climate module.
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Shadow values. We now turn to the asymptotic behavior of the planner’s shadow val-

ues. We organize the discussion into a sequence of claims.
Claim: v; = C; "Y;v, where v = [B — (1 — 7)gyI]7'C. v; > 0if { > 0.

To prove this claim and accurately account for long-run stability, we solve the costate

equation for v; forward. To leading order:

— | A _
Ve = By — Covyoe(lw)gyt/o B (=ngylI7 g

= efﬁvo - Co_yYQe(l_W)thet[E_(1_7)gyl] [E - (1= r)/)gyl]_lz
G — (1 7)1
— ¢'B {1/0 —Cy "Yo[B—(1— ’Y)gyl]_lz} +C B - (1—)gvl T

where B = pI — B'. B has eigenvalues with strictly positive real part. From the capital
transversality condition, so does B — (1 — )gyl. Therefore, the first component grows
at rate p unless vy is such that the bracket is equal to zero. Since temperature is weakly
increasing over time, growth in the first component at rate p violates the temperature
transversality condition. Therefore, vy is such that the first component is zero, and to
leading order: v; = C, "Y;¥, where v = [B — (1 — )gyI] ~'Z. From the capital transver-

sality condition, B — (1 — )gyI is a non-singular M-matrix. Therefore, its inverse is a

positive matrix, so that v > 0, and hence v; > 0, if { > 0.
Claim: p; = ﬁﬁ, where 1 = [A — (1 — )¢yl + gml] " 'D(My/Mp) 'P[B — (1 —

7)gyI) 71T, where g31 denotes the exponential growth rate of carbon stocks, and M; de-
notes an arbitrary but fixed entry of the carbon sink vector.'”

To prove this claim, substitute the expression for v; into the equation for y; and solve

12For now we abstract from the knife-edge condition under which emissions are exactly constant and
therefore carbon stocks grow linearly.
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forward to leading order:

e = ety — CO*'YYOe[(lf’Y)gY*gM]t /Ot A (=7gv+aml . (M) 1 Puds

= etKyo — C(;?yoe[(lfv)grgm]tet[ﬁf(1*7)gy+gm] A — g+ (1—9)gy1] " 'D(My) " 'PT
+Co "Yoel T8 8WIA — (1 — ) gy + gul] ' D(Mo) 'PY

where A = pI — A’. Since A has eigenvalues with strictly positive real part, transversality

imposes that the sum of the first two components is zero. Therefore: y; = CA,LMTJ, where
_ t

#=[A—(1—7)gy I+ gml] 'D(My/ M) 'P[B — (1 — v)gyI] ', and M; denotes an ar-

bitrary but fixed entry of the carbon sink vector.

Energy use. We are now ready to return to energy use, which satisfies to leading order:
E"\ Y;

— -t ) =L =1, 15

(¢ 0 Mt) (15)

_ i : Ey E}! E}
where ¢ = 71'm. There are two possibilities: either ¢ > ¢35, or Y = P35 Y < g3 would
lead to a contradiction.
We organize the remainder of the proof into three cases, corresponding to whether
emissions are falling, constant or growing. We characterize which parameters imply that

each case arises as part of the proof.

A.5.3 Falling emissions g, <0

If g < 0, carbon stocks are asymptotically constant over time. E}"" / M; converges to zero.
Temperature and damages are asymptotically constant, so that gz = g. Energy use then
mirrors the laissez-faire, with ¢y = ¢, + gg and so gy = ¢ — 7gy. The condition g, < 0

becomes g < w.

A.5.4 Constant emissions g, = 0.

Asymptotically, carbon stocks grow linearly over time. Temperature and damages grow
log-linearly, so that gz = g. E}"/M; converges to zero. As in the laissez-faire, we obtain

gy = § — 1tgy- The condition g, = 0 becomes ¢ = w.
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A.5.5 Growing emissions g, > 0.

We organize the remaining proof in a sequence of claims.

Claim: Asymptotically, ga1 = gm and My = E/*[g,,1 — A] " 'm.

To prove this claim, solve carbon stocks forward to leading order:
t
M; = e'AM + Eje!sn / e Sl8mI-Almds
0
= e"AMy — Ef'e™[gn] — A] " 'm + E/"[g,n] — A] 'm.

Because g, > 0 and the eigenvalues of A have weakly negative real parts, the third
component dominates the other two. Hence, asymptotically, g1 = gm, and: M; =
El[gmI — Al 'm.

Claim: o7 = Z’ (71— B]"INHD ([gnI — A]‘lm)_1 1+ gul — Al 'm E—i-

To prove this claim, let e be the vector that selects M; out of M;. Then: M; = ¢'M; =

Ee'[¢m] — A]~'m, and so to leading order:

E" 1 My  [gnI—A]'m
M;  €[gul — Al Im My  €[gul — Al Im’

Recall that % = [A — (1 — ) gyl + gl 'D(Mo/Mg) " 'P[B — (1 —7)gyI]~'T. Since gy > 0
and p > (1 — 7)gy, all the matrices are non-singular irreducible M-matrices and therefore

have positive inverses. Then > 0 if { > 0. We obtain:

¢ ¥ % = {Z'[(p — (1—7)gy)I - B]"'NHD (

1
e/[gnl — A]7Im

[gmI — Al 'm
e[gn]l — A]7lm

-1
) [(p—(l—v)gwgm)I—Arlm}

X

=7 [y1— B]"'NHD ([gml — A]—lm) - I+ gul — Al 'm

where in the second equality, the second term simplifies with D, and we denoted =
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p— (1—7)gy > 0."" We have thus shown that:

— -1
01t = { [71 — B]"INHD ([gml - A]—1m> 71+ gl — Al 'm Z_i (16)

We are now ready to consider the main cases of Propositions 2 and 4. We start with

Proposition 2, which corresponds to log utility.

A.5.6 Log Utility vy =1
We impose log utility v = 1 in this section.

No-cap regime: p > ¢E"/M;. In that case, energy use mirrors the laissez-faire (third
case of Proposition 1), and we obtain the same growth rates. The condition g,; > 0 be-

comes g > w. However, we will have to verify which parameters lead to iy > ¢E}"/ M;.

Cap regime: ) = ¢E}"/M;. Then:

E" - -1
%M—ft = 7'[pI - B] "'NHD ([gml - A]*1m> (oI + gl — Al 'm

- %D ([gml - A]_1m> Pl 4 gul— Al 'm
= f(gm)-

[

Denote &' = 2 = %[pl — B]7!NH > 0, with some inequalities strict. We now leverage the

following result:

T

Lemma 1. f is continuous, strictly increasing, f(0) = 0 and f(+oc0) =Y ;.
Proof. See Online Appendix E.1. O

When }; ¢; > 1, there is a unique value g,, such that f(g,,) = 1. This condition imme-
diately rewrites as: y_; A; > 7. This value g,, only depends on parameters. The structure
and properties of f immediately imply that g, is decreasing in each component ¢; and is
independent of ¢. When }; ¢; < 1, we define by convention: g, = +c0. We always have

13We can also re-express this formula. Let A = g,,I — A and 2 = A~'m. The last two components are
equal to:

D(a) 'A+yl *Aa=1—yD(a) Y (A+yI)"la

where we have used the resolvent identity: [A + 71} 7'A =1 — (A +51)~L.
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gm < g, in the no-cap regime, and g, = g,, in the cap regime.

We are now in a position to characterize which parameters determine when the cap
binds. When the cap does not bind, we have g,, = A as in the laissez-faire. Therefore,
the cap does not bind when g < w + (1+ A)g,, under log utility.

The cap binds when ¢ > w + (1+ A)g,,. We can then solve for g¢ = g,, + g». From
the production function: ¢y = a(1 — ¢)gy + (1 —a)(1 — ¢)gz + ¥gE, and so [1 — a(1 —
9)lgy = (1= )(1 = ¥)g7 + $(Z,, + g)- Noting that 1 —a(1 — ) = (1 —a)(1 - p)(1 +
), we obtain: (14 71)gy = g7 + mgg = § — Ag,, + 7(38,, + 8 ). Re-arranging, we obtain:

g+ (m—A)g, + 18
1+7m ’

8y =

A.5.7 CRRA Utility y # 1

In this section, we consider the case of general CRRA utility with  # 1.

No-cap regime: ¢ > ¢E/"/M;. As with log utility, energy use mirrors the laissez-faire
(third case of Proposition 1), and we obtain the same growth rates. The condition g,,, > 0

becomes ¢ > w. However, we will have to verify which parameters lead to ¢y > ¢E}"/ M;.

Cap regime: ¢ = ¢E["/M;. Define: z(x) = 7 [xI — B]~L. Denote by N; > 0 the diagonal

elements of NH, with some inequalities strict. Then:

R URED)
Zl N yi(x)

By the same arguments as for Lemma 1, f is increasing in x, decreasing in 7. Given 7, f
limits to 0 and Y, z;(7) N; when x varies between 0 (its lower bound because of the capital
transversality condition) and +oo. Note that }; z;(77)N; = Z/[iﬂ —B]"'Nh = (1 —a)(1 -
) '(nC + L — D)~ 'h: it is decreasing in 7 and equals (1 — a)(1 —y)A atyy = 0.

Therefore, there exists a unique strictly increasing X () such that f(n, X(1)) = 1,
which we normalize to be infinite if ¢ > Y, z;(57)N;. Since f < ¥, z;(7)N; < (1 —a)(1 —
P)A for all (1,x), a finite X(y) for some 7 > 0 requires (1 —a)(1 —)A > ¢, that is,
A>T

If A < 7, then X(7) = +oo for every 5: the equation ¢ = ¢E}"/M; has no solution,

the capped regime never arises, and growth rates coincide with the laissez-faire for any
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v, with g, = +00, as stated in Proposition 4. We therefore assume A > 77 in what follows.

Under A > 7, there exists 7 > 0 such that }; N;z;(y) > ¢ for y < 77. We also have
X(0) = 0: as 7 — 0, the zero eigenvalue of A implies y;(u) ~ v{°/u near u = 0, where
v® > 0 denotes the stationary distribution of A, so that y;(7 + x)/yi(x) — x/ (7 + x)
and solving f = ¢ yields x ~ #7/(A — r) — 0. Hence X increases from 0 to +oo for
n € 10,77). To avoid a lengthier discussion of cases below, we therefore impose p < 7 in
what follows. 7 is our threshold p.'*

Substituting into the output growth expression, we obtain:
I+ 7m)gy =g+ (m = 8)X(p — (1 = 7)gy) + 7o

If v > 1: The right-hand side is decreasing in gy and spans g + 77gs > 0 to —oo as
gy spans —% < 0to % > 0, its lowest and largest possible values. Therefore, there is

always a unique solution gy > 0, with an associated finite threshold g, .

If v <1: The right-hand side is increasing in gy and spans —co to ¢ + 71gs as gy
spans §=7 < 0 to = > 0, its lowest and largest possible values. Hence, there can be

no solution, exactly one solution in the knife-edge tangent case, or two or more solutions

depending on the exact shape of X.

In both cases, the implicit solution gy always corresponds to a g,, such that gy =

gt(m—A4)g,+78s
1+

definition of emissions.

, because this last expression only uses the production function and the

A.5.8 Comparison of growth rates

We have in the high emissions regime, using the expression for gy as a function of g, in

the laissez-faire:

g+ (mt—A)g, + g S g+ (T —AN)gm + 18

SP LF
&
8y = 8 1+ 1+m

& (A=7)(gm —8u) >0

14This restriction is not binding in practice. To see why, in a one-dimensional climate system,

Y. Nizi() = %, and so 7 = g%h — nl, which is positive precisely when A = (h/{ > m. We

consider damages between 0.036 and 0.25. 7t is of order 0.075. » = 0.14, h = 5 and ¢ ~ 1. Therefore, 7 is of
order 0.2 to 2.
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where ¢, = {55 > g,,- Now, recall that by the properties of M-matrices, A < A. g, is
finite if A > 77, and so A > 7t. Therefore, g}° > g\F.

A.6 Proof of Proposition 3

We consider a possibly nonlinear damage function D(T;) such that: log Z; = log Zo + gt —
D(T;). For brevity, we consider a unidimensional climate system, but our proof extends

immediately to a multidimensional climate system.

A.6.1 Laissez-faire

The asymptotic behavior of temperature conditional on emissions is independent of the

damage function. We thus recall:
o If g,y < 0, temperature T; stabilizes.
e If g,y = 0, temperature grows log-linearly: Ty = 6logt + O(1)
e If gy > 0, temperature grows linearly: T; = tg,,0 + O(1).

We start from the accounting identities that hold away from a growth path: gy = g7 —
gy and gy = gm + gy + §», Where we omit time subscripts on growth rates when unam-

biguous. Together, they imply: ¢,, = ¢z — w. In addition, we have: gz = ¢ — D'(T;)T;.

Case1. D'(T) »0asT —oo. Ifg, <0,97=g1fgn=0,|32z—g| =|D'(T;)|0/t — 0.
If ¢m >0, |gz — gl = |D'(T;)|0gm — 0. In all cases, technological growth dominates in
the long run. In that case, climate damages have no long-run effect on growth rates, and
the expressions from Proposition 1(i) apply regardless of the comparison between g and

w.

Case2. D'(T) — +o0as T — o0. We start with a few restrictions when ¢ > w. Start from
9n =9¢—w—D' (Tt)Tt. Then T; must go to infinity. Indeed, otherwise if T; is bounded
above (and long-run dynamics are monotone), T; = 0 and D’(T;) converges to a constant,

so that g, = ¢ — w > 0, a contradiction.

Case 2.1. gm > 0. Then: gz = ¢ — D'(T;)0¢m — —oo. Hence gy — —oo, and so

gm — —o9, a contradiction. Thus, this case can never arise.
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In addition, if emissions growth is not necessarily exponential but bounded below by
a positive constant g+ > 0, then we obtain the same contradiction as just above. Hence,
emissions growth must be weakly negative (including zero) asymptotically. However,
there can be positive growth at finite ¢, as long as the growth rate converges to zero. By

the same token, we cannot have g;;; > 0 bounded below, for the carbon stock.

Case 2.2. gm < 0. Temperatures stabilize. Therefore: ¢z = ¢ — D'(T;)T;. Hence
gz = g in the long run, and so g = § — w. If g — w < 0, the equilibrium is compatible
with Proposition 1(i), which therefore is the equilibrium. If ¢ > w, we obtain a contradic-

tion. Hence, § > w is incompatible with g,, < 0 and with g;; > 0.

Thus, we now focus on the parametric case § > w. We must have strictly increasing
temperature T; that does not converge. We allow the emissions growth rate g+ to depend
on time. In the unidimensional climate system: F;, = F+h log M; and Tt = nF — (T;.

Therefore:
Tt = nF + nh log M; — ZTt

Since we operate under the case M/ M; = gmt — 0 from above, we guess and verify

that, to leading order, the solution is:

Ty = %loth = iloth,

where a = % = %. This condition is indeed compatible with T; — 0. Further define
b = g — w > 0. Then, to leading order: al; = % = gmt. We thus have:

aTi = gme = b — D'(T)) Ty, and so (a4 D'(Ty))T; = b.
Hence, to leading order:
(ZTt + D(Tt) = bt.

Let T; be such that D(T;) = bt. And let T; = T; + T;, with T; < T Expanding the T;
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equation, we obtain to leading order: aT; + aT; + D'(T;)T; = 0, and so:

! a+ D'(Ty) ! ! a+D/(Ty)

We then obtain, to leading order:

ab ab

= — — 0.
a—i—D’(Tt) El—}—D/(Tt)

Imt = ﬂTt =
Thus, to leading order:

ab
8yt = 8x T 8o + gmt :g"+g0+a+D—’("Tt) — &x + 8o

1
When D(T) = {T'*%, we obtain: T; = (%) " When D(T) = Z¢T, we obtain to leading
order: T; = 1logt.

A.6.2 Efficient Allocation

We start from the accounting identity that holds away from a growth path: gy = g7 —
TG

Case1. D'(T) »0asT —oo. Ifg, <0,97=g1fgn=0,|32z—g| =|D'(T;)|0/t — 0.
Ifgm > 0,9z —g| = |D'(Tt)|0gm — 0. In all cases, technological growth dominates in the
long run. In that case, climate damages have no long-run effect on growth rates, and the

expressions from the low emissions regime from Propositions 2 and 4 apply for all values
of & 8 8o
Case 2. D'(T) = +o0 as T — co.

Social cost of carbon with growing emissions. We must now characterize the social
cost of carbon. Denote {; = (1 — a)(1 — ¢)D’(T;), which is weakly rising over time. Our
calculation holds regardless of the sign of gy,.

Then:

- nhvy nhYil,

+ 1= go)v =1/ (C)Vig T T N T Lt '
(o= =w(CVie, (o=@l = " = (o7 o
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where we normalize yy, v; so that they are positive, as in Appendix A.5. We then obtain:
gv=(1-7)gy+ grand g, = (1—7)gy + gc — §m, and so:
nh YtZt nh YtZt

e = = = —
(o+€—(1—7)8y—8)(p— (1—7)gy — gz +gm) C/ My M(gy,gm, &) C/ M;

Recall the energy FOC: ¢ = X{,—Ift + E"m%?m Then:

E'Clus nh = E*  nhmax{gu, 0}

Yi Mgy, em 87) ' Me M(gvy,gm &)

where the second equality uses the relationship between E}* and M; when g,,, > 0. Hence,

the energy FOC becomes:

nhmax{gm,0}= | Y
lp_ EVi t E =1
Mgy, gm 8) = ) Xtk

_ nhmax{gn,0}%
We denote ¥; = Mgvgmer) ot
Case 2.1. gy > 0. Then: ¢z = ¢ — D'(T)0gm — —oo. Hence gy — —oo.
If > Y, atall times, then g, = gy — gy — g0 — —o0 and we obtain a contradiction. If
Y = Y after some time, then g, = g, and gy = g, + gy + g is constant, a contradiction.

Therefore, this case can never arise.

Case 2.2. gm <0. Temperatures stabilize. Therefore: ¢ = ¢ — D'(T;)T;. Hence
gz = g in the long run. As before, we are in the low emissions regime, and so g, = § — w.
If ¢ — w < 0, the equilibrium is compatible with the expressions from the low emissions
regime from Propositions 2 and 4. If ¢ > w, we obtain a contradiction. Hence, § > w is
incompatible with ¢, < 0 and with g;,, > 0.

We now focuson g > w. If p > ¥} atall large times, the formulas from the laissez-faire

apply and gt — 0, gyt — gy + o, and T; grows to infinity. We must verify whether these
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conditions are compatible with the long-run behavior of ¥;. We have to leading order:

nh
(gw,gmt,ggt)
nh abD'(Ty)
(8x +87,0,8¢1) a -+ D'(Ty)
anh

(8x + 80,0, 8¢t
nt

T M(gx + 80,0,0

Yy =

gtht

=

|
< Al A&

<

)(g—w)

<

)(g—w)

where the second line uses {; = (1 —a)(1— ¢)D'(T;) = £D/(Ty), and with g =
D//(Tt)_' o D//(T[) b o bD//(Tt) . . . .
DT, T, = DT, A D) — (D’(Tt))z — 0, since, for damage functions that remain fi
nite at all T we must have D”(T)/(D'(T))? — 0."”

Evaluated at the laissez-faire growth rates, M( gy +80,0,0) = (p+ 0+ (v —1)( g+
go))(p+ (v —1)(gy + gr))- Then:

Soif p > ¥, we are in the laissez-faire regime. This condition becomes:

¢ w< Mgy +80,0,0) _ mplp+en) _ o
nt nt

where the second equality uses v = 1 and matches the threshold & in Proposition 3.
If < ¥, then the planner chooses gt so that i = ¥; at large times. For brevity, we
characterize it when y = 1 so that M does not depend on gy.
We have aT; = gmt. Thus, we have:
D// (Tt)

M aT;, ——2T, )| = anhT,D'(T}),

151f the limit is positive, solve the associated differential equation to obtain that D’, and hence D, diverges
on a finite support.
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using again {; = %D’ (Tt). Therefore:

w1 (5- 200 (o [28) ).

with g = p + £, and anh = £. We guess and verify that g,/ ((77::)) T; — 0. Under this guess, we

1 1\ N
(ED’(Tt) —pa) T = pp.

D(T)T = "0 _ Tl 6 _

have to leading order:

Thus, to leading order:

”(Tt) Tt D//(Tf)

This result then implies: —; ) > — 0as T; grows, and the guess is verified.

(D'(Tt))

Thus, to leading order we obtain:

no(p+10) 1

nh  D'(T}) -0

Imt = ﬂTt =
From the production function and the definition of emissions, we obtain:

(1+ )¢yt = § — D'(Te) Ty + 7 (gmt + o)
=g — O+ 7(gmt + &o)
— §— 0+ 1go.

Under our case § > w, we obtain in the long run:

(I+mgy=8—w+(1+m)gx+8gr— O+ 7180
=g—w+(1+m)(gy+8g)—0
=g—w—0+(1+mgF
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Therefore:

sp_ IF, §—w—10
gY _gY+ 1+7T

mp(p+0)
4
a strictly higher output growth rate than the laissez-faire.

In our calibration, ¢ = = 0.001. Hence, as soon as § > w + ¢, the planner achieves

B Climate Module

We parametrize the carbon cycle matrix A as in Folini et al. (2024):

—aq riay 0
A= a —(nai+a) na |- (17)
0 a —712do

Quantitatively, we use the calibration from Folini et al. (2024): a; = 0.054, a; = 0.0082,
Mz MY

= —eg, 7y = iq and M,; = (607,489,1281), where M, is the pre-industrial equilib-
M“i Meq

rium before any anthropogenic carbon emissions.

We follow Folini et al. (2024) for the calibration of the matrices B and N:

—nby —nl  nby n 0
B = N = ,
by —by 01

with the following calibration: » = 0.137, by = 0.73, b, = 0.00689, ¢ = 1.06, Fxco2 = 3.45.

Equivalently, define T, as the equilibrium temperature vector when F; = 0, and ftx =

1

TX — Te)é . The dynamics of the deviations from pre-industrial temperatures are given by:
U, (—ETF+b1(T}—TtU)+Ft> FL py(TU — T,
Since we specify the model in levels rather than in deviations from steady-state, we also

need to calibrate the constant forcing terms in the two layers by targeting temperature

levels in the two layers (in Kelvin degrees). Specifically, we choose Fe% and PeLq to target
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Tsy = 288.15K (15C) and T, = 278.15K (5C), by solving:
Fd = (T 4 by (TeLq[ - TEL,1> FL = b, (Tg _ T}q> .

We obtain:
F;y = 3127390 F,; = —0.0689.
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C Additional Results
C.1 Low Damages

Figure 9: Additional Outcomes with Low Damages
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Notes: Transition paths in the laissez-faire and in the efficient allocation under the local temperature damage function glocal, estimated
with local temperature variation and with cumulative impact [;° localgs — 0.036, as in Figure 4. The economy starts from 2020 initial
conditions. Panel (a): log productivity. Panel (b): log energy per capita. Panel (c): optimal carbon tax as a share of the total marginal
cost of energy in the efficient allocation. Panel (d): log emissions per capita. Solid blue lines: laissez-faire. Dashed red lines: efficient
allocation.
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C.2 High Damages

Figure 10: Additional Outcomes with High Damages

(a) Productivity

xX32F 4
Ve
x16 ¢ V4
7/
X8+ 4
7
x4+ 7/
7

X2 F v/

x1 : ‘

2020 2050 2100 2150 2200

(c) Carbon Tax/Total Cost
1 —
- -
-
P -

08;’
0.6 +
0.4+
0.2 ‘ ‘ ‘

2020 2050 2100 2150 2200

(b) Energy Per Capita

x4+
X2t

x1
x1/2t
x1/4
x1/8t
x1/16
x1/32 1

-

-~

~

-~
=

~

2020 2050

2100

2150

(d) Emissions Per Capita

2200

X4t
X2t

x1

x1/2¢
x1/4
x1/8¢t
x1/16 ¢
x1/32}

~

~

ay

~
~

]

2020 2050

2100

2150

2200

Notes: Transition paths in the laissez-faire and in the efficient allocation under the global temperature damage function {8°b2, esti-

mated with global temperature variation and with cumulative impact f0°° gsgbbalds = 0.25, as in Figure 5. The economy starts from
2020 initial conditions. Panel (a): log productivity. Panel (b): log energy per capita. Panel (c): optimal carbon tax as a share of the total
marginal cost of energy in the efficient allocation. Panel (d): log emissions per capita. Solid blue lines: laissez-faire. Dashed red lines:

efficient allocation.
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C.3 Backstop Technology

Figure 11: Additional Outcomes With and Without Backstop
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Notes: Additional outcomes when a backstop technology arrives at various dates. Damage function calibrated to global temperature
variation ggloba‘. Horizon: 2020 to 2200. Solid lines: baseline allocation without backstop. Dashed, dash-dotted, dotted and thin
dotted lines: backstop arriving in 2050, 2100, 2200 and 2500. Panels (a) and (b): log change since 2020 in consumption per capita in the
laissez-faire and in the efficient allocation. Panels (c) and (d): temperature in the combined atmosphere and upper ocean layer, in °C,
which is constant after each arrival date. Panel (e): optimal carbon tax as a share of the total marginal cost of energy.
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C.4 Nonlinear Damages

Figure 12: Marginal Damages as a Function of Warming
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Notes: Marginal damage D’(T) as a function of warming relative to 2020. Damage function calibrated to global temperature variation.
All damage functions are calibrated so that marginal damages coincide at 1°C of warming above pre-industrial levels. Solid line: log-
linear damage function, with constant marginal damage 0.25. Dashed line: log-concave damage function (Nordhaus, 1992; Barrage
and Nordhaus, 2024). Dash-dotted line: log-convex damage function (Golosov et al., 2014).
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Figure 13: Additional Outcomes With Nonlinear Damage Functions

(a) Consumption: Laissez-Faire

(b) Consumption: Efficient Allocation
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D Data

This appendix describes the data sources that we use in the quantification of Section 3.
Our estimation sample runs from 1982 to 2019. We start in 1982 to capture recent decades
and exclude the oil shocks. We stop in 2019 to exclude the pandemic. The initialization of

the climate system uses longer historical coverage.

Output and population. We obtain world Gross Domestic Product (GDP) and world
population at an annual frequency from the World Bank World Development Indicators.
World GDP is measured in constant dollars. We construct world GDP per capita as the
ratio of world GDP to world population. The path of world output between 1982 and 2019
is the target of the simulated method of moments that identifies technological growth g,
as described in Section 3. Average population growth over the same period identifies
n = 0.015.

Primary energy. We obtain world primary energy consumption at an annual frequency
from the Energy Institute Statistical Review of World Energy, which we retrieve through
Our World in Data. The series aggregates all primary energy sources. In the model, the
growth rate of the extraction cost x; equals the growth rate of output per unit of energy
Y;/E;. This relationship also holds away from a balanced growth path. The average
growth rate of Y;/E; between 1982 and 2019 therefore identifies g, = 0.012.

Carbon emissions. We obtain carbon dioxide emissions from energy use at an annual
frequency from the Potsdam Real-Time Integrated Model for the probabilistic Assessment
of emission Paths (PRIMAP). The series aggregates emissions across all countries. In the
model, the growth rate of emissions relative to energy use E}""/E; equals the growth rate
of carbon intensity ¢}, again also away from a balanced growth path. The average growth
rate of E}"/E; between 1982 and 2019 therefore identifies g» = 0.003. The long historical
coverage of the emissions data also serves to initialize the climate system. We feed the
observed path of emissions between 1850 and 1982 into the parametrized climate system
of Appendices B and B, starting from its pre-industrial steady state. This procedure de-
livers the carbon stocks in all sinks and the temperatures in all layers in 1982 that serve as

initial conditions in the estimation, as shown in Figure 2.

Global temperature. We obtain global mean temperature anomaly data at an annual

frequency from the National Oceanic and Atmospheric Administration (NOAA, NOAA
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National Centers for Environmental Information, 2023a). Temperature anomalies are de-
viations from the climatology, which is measured as the 1901-2000 mean temperature of
13.9°C (NOAA National Centers for Environmental Information, 2023b). Temperature
levels are constructed by adding the climatology to the anomaly series. We use this data
to validate the initialization of the climate system between 1850 and 1982 in Figure 2, and
the fit of the estimated model between 1982 and 2019 in Figure 3.

Damage functions. The damage functions local and ngbbal are estimated in Bilal and
Kénzig (2026) from annual variation in country-level and global mean temperature, re-
spectively. We refer to that paper for a detailed description of the underlying economic

and climate data.

E Additional Proofs

E.1 Proof of Lemma 1

Denote y(x) = [xI — A]"'m. We obtain: f(x) = ¥; & Ye+Y) We characterize the limits of
f by characterizing the limits of y;. "

Going back to present valuation formulas, we express: y;(x fo —*tp,dt, where
v = e m > 0. All the vj; are strictly positive for any t > 0 because A is irreducible.

Thus, y; is continuous.

We now show that log y;(x) is convex. Observe that: yi(x) = — [; te ™ v;dt and
yl fo t?e~*v;dt. Then: y;(x)y! (x) — = [[ e x(t+s) vztvls(s — ts)dtds =
3 f e *(+)p 0, (t — 5)%dtds > 0, where the second equality changed variables to sym-
metrize the expression. Thus, dlog y;(x)/0x is increasing in x.

We now use this result to characterize the monotonicity of the ratio of y;. We obtain:

10 vilotx) _ (1 ) (0 +x) — (logy;) (x) > 0.So lo Yilb+¥) iq increasing in x, and

&) gYi)\p &Y &) &
therefore so is L ilp +x). Thus, we have proven strict monotonicity of yilp+x) ,and, as a
yi(x) yi(x) 7
result, of f.

We are now ready to characterize the limits of f. y;(0) = +o0 because vy converges to

the stationary distribution of A in the long run. Therefore, y;(p + x)/y;(x) — 0as x — 0.
Thus, f goes to zero as x converges to zero. In addition, y;(p + x)/yi(x) — 1 as x — oo.

Thus, f converges to ) ; ¢; as x — oo, which concludes the proof of the limits of f.
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E.2 Energy Costs in Labor Units

We now suppose that the extraction cost is paid in labor units: x:E; = Lf, with L; =
LY + LE. The only modification to our results is that emissions growth is given by g, =

—(gy + &) in the laissez-faire. We prove the following result.

Corollary 1 (Growth with Labor-Intensive Energy Production). Propositions 1 and 2 apply

when energy production only requires labor, with the following modifications: the regime distinc-

g— gy —Amax{gy,0}
1+ ’

tion is solely based on g,, = min{—(gy + §v), g, } instead of w, and gy =

The proof is a straightforward extension of the proof of Propositions 1 and 2.

E.2.1 Laissez-faire

An asymptotic growth path requires that the marginal product of capital is stable over
time. The marginal product of capital depends on LtY = 1 — x:E;. Therefore, x;E; must
stay constant or shrink over time, implying: ¢, + g¢ < 0.

Energy demand implies: Fr = w;);. The household budget constraint requires that
w; grows at gy. Therefore: ¢r = gy — &y — gy = —&y, so that x;E; is exactly constant.
We next obtain: ¢, = —gy — o, which now only depends on parameters. The same
distinction of cases—as when energy uses final goods—arises, where we obtain instead:

_ §—mgy—Amax{—gy—g,0}
8y = 1+m :

E.2.2 Efficient Allocation

Labor optimality implies: (1 — a)(1 — ¢)Y:/L) = @;. Hence: @w; must grow at gy.
Energy demand implies: Fg = w;x; + 0;7;, where w; is the planner’s shadow wage.
Re-arranging as above: (¢ — ¢E}"/ Mt)wt?i g =1
If p > ¢E["/ My, x+Ey must be constant. The laissez-faire formulas apply, and we need

gm = —8§x — 8&v < §,, Where g is defined as above. If = ¢pE}*/M;, g = g, as above.

E.3 Exhaustible Resource Management with Exploration

We first sketch the main elements of this extension. Energy reserves R; now evolve ac-
cording to the difference between exploration X; and energy use E;: Ry = X; — E;. Ex-
ploration comes at a cost that reflects the scarcity of energy: @ (Xt / Rt)2 R;, where S;

represents cumulative extraction and satisfies S; = E;, and where x(S;) = XS¢.
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To focus on the carbon externality, we require that households internalize that cumula-
tive extraction affects exploration costs. A simple microfoundation is that each household
owns energy fields and understands that more extraction implies higher costs. The rest
of the economy is unchanged.

To avoid a lengthy discussion of cases, we require one mild restriction that is consis-
tent with the data: there is some progress in carbon intensity over time, g, > 0. We let

€ = 15, equivalently ¢ = %g We prove the following result.

Corollary 2 (Growth with Energy Stock Management). The solution of the exhaustible re-

source model (18) admits a unique asymptotic growth path, which is also a balanced growth

path. Propositions 1, 2 and 4 apply, with the following modifications: g, = 0, w = 11+_ ?ga,
gy = % when growth rates coincide, where A = A1{g > w}.

E.3.1 Setup

Let R; denote reserves of energy, which evolve according to R; = X; — E;, where X;

denotes exploration. Exploration comes at a cost that reflects the scarcity of energy:

2 .
@ <§—:> R¢, where S; represents cumulative extraction and satisfies S; = E;. We con-

sider an isoelastic specification: x(St) = XS;Tg , with 1%5 > 0. As before, p; denotes the
price of energy.
In the laissez-faire, households now solve:
00 . St) (X2
max / e PIU(Cy)dt subjectto Cp+ K;+ x(St) (—t) Rt = rKs + wi + ptEs
{C[,Kf,E[}t 0 2 Rf

and to Rt = Xt — Et, St = Et (18)

given Ky, Ry, So. To focus on the carbon externality, we require that households internalize
that cumulative extraction affects exploration costs.

The rest of the economy is unchanged. We omit the definition of the efficient allocation
for brevity. The shifter of the exploration cost  is constant because we model the effect of
scarcity on extraction costs explicitly through the dependence on cumulative extraction
St.

To avoid a lengthy discussion of cases, we require one mild restriction that is consis-

tent with the data: there is some progress in carbon intensity over time, g, > 0. Output
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growth is then positive along the growth path, because ¢ = 1% € [0,1) implies € < 1 and
1+ e > 0.

E.3.2 Exhaustible Resources with a Fixed Limit

We start with a formulation in which exploration is not possible: X; = 0. The partial
current-value Hamiltonian (excluding the climate system) is: H = U(C¢) + A (7: K¢ 4wy +
ptEr — Ct) + q+(—E¢). Optimality requires: Ay = u/(Cy), vCi/Ct = 1 — o, u'(Ct)pr = 41,
and pg; — g = 0. Combining the last two equations, we obtain: yC;/C; = p/p: — p.
Hence we obtain the classic Hotelling result that energy prices grow at the interest rate:
pt/pt = 1. On a constant growth path: » = p + gy, so that energy prices grow at rate
8 =P+ 78y

Using that ¢ = gy — §p — 8o, We obtain: g = —(o + (v —1)gy) — go, With p +
(v —1)gy > 0 by the capital transversality condition. We immediately see that g, < 0 if
go > 0: carbon and temperature stabilize in the long run. But if g, < 0, we can still obtain
positive emissions growth. Recall that g = g+ 30 = — (0 + (Y —1)gy) < 0.

Case 1. gm < 0. Carbon and temperature stabilize, productivity grows at rate g. Then:

(14 m)gy = g — mt[p + (v — 1)gy]. Re-arranging: gy = %. We then obtain: ¢, + g» =

—%. So g < 0if and only if g5 + % > 0. This is always satisfied

ifgo >0and v > 1.

Case 2. g, > 0. Carbon grows at g, with a productivity drag at rate Ag;,. Therefore:

(I+7m)gy = §—ADQE—80) + 718 = g+ (M= D)8+ A8 = g— (T = B)|o+ (7 -
1)gy] + Ago. Re-arranging: ¢y = ‘%W, and g, > 0based on the other side of the
condition from Case 1.

E.3.3 Laissez-Faire with Exploration

We now allow for exploration, but exploration costs do not depend on cumulative past
extraction: € = 0.

The partial current-value Hamiltonian (excluding the climate system) is: H = U(C;) +
Ae(riKe + wi + ptEf — Cp — Xt(X¢/R¢)?R;/2) + q:(X¢ — E¢). As above, optimality requires:
A =u'(Ct), vCt/Ct =11 — p, ' (C) pt = qr-

. . .. . . _ . . o Pt_Rt ~
The optimality condition for exploration is, after re-expressing q;: X; = o The co

2
state equation for R; now changes. We obtain: pg; — 4; = u'(C;) 4t <§—:> . Substituting in
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the other conditions: pg; — 4: = u (Ct) pf . Further re-arranging: vCi/Ct = pt + 2 ZXt —p.

Therefore, we now obtain: g, + £ 27(1‘ = r = p + ygy on a constant growth path. For this

condition to hold as ¢t grows, we need the term p;/x; to remain bounded. This requires
8p = 8x-
Case 1. gp = gx. We obtain exactly the same equilibrium conditions as in our baseline
with a static extraction cost, with one exception. The exception is that the level of the
energy price is determined by the condition g, + % = p + vgy. This condition only
affects the level of the energy price, not its growth rate. Thus, Proposition 1 applies.

We need to make sure that exploration costs do not affect the asymptotic constant
growth path. When ¢, = g, exploration costs grow as x:R;. In addition, we have:
X¢/Ry = pi/xt = 2(r — gx). So R; evolves according to: Ry = 2(r — gy )Rt — E;. Since
SE = gy — gy, We can solve explicitly: R, = Re?(—80! 4 ol Eoe?!

r—8x)—8E
reserve transversality condition is e Pty (Ct)ptRt — 0, that s, e~ (r=8x)IR; — 0. Therefore:

for some R. The

R =0, and reserves R; grow at rate gr, which is consistent with the resource constraint.
g+(A 7)8x+Ag0o
1+A

condition for gy < ris (y —1)gy > 0,i.e. (v —1)(g+ (A —m)gy + Ags) > 0.

. A sufficient

Finally, we must check gy < r = p + vgy. We have: gy

Case 2. gp < gx- We obtain ¢, = p + gy as in the exhaustible resource model with a
hard limit. We need to check whether, indeed, p + vgy < gy. To simplify the following
discussion, we impose ¢, = 0 because we are already modeling scarcity directly. Hence,

we would need negative output growth for this case to arise.

— P18

T > 0, a contradiction.

Case2.1. gm <0. Thenp+ gy =

Case 2.2. gm > 0. Then: gr = g + go > 01if go > 0. With X;/R; — 0 and E; grow-

ing, reserves are depleted in finite time, a contradiction.

E.3.4 Efficient Allocation with Exploration

We still allow for exploration, but exploration costs do not depend on cumulative past
extraction: € = 0.

The partial current-value Hamiltonian (excluding the climate system) is: H = U(C;) +
A(F(Z(Ty),Ki, 1, E) — 6Ky — Cr — x4(Xe/Re)?Re/2) + q¢(X¢ — Ey) — ub(AMy + 03 Eym) —
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v{(BT; 4 NF,; + NH(log M; — log M,;) ), where we normalize p;, v; so that they are pos-
itive, as in Appendix A.5. Let p; = g:/u'(C;). The only optimality condition that differs
from the laissez-faire is the one for energy: lpg—i = pt+ oy, with . = pim/u'(C;) > 0.
As in the laissez-faire, we obtain: g, + % =p+ 8y

We consider the same cases as in the laissez-faire. If g, = g¢,, Propositions 2 and 4
apply.

If g»p < g¢ = 0, we obtain the same optimality conditions as in the planner problem.
Hence, Propositions 2 and 4 apply conditional on replacing g, by the (endogenous) ex-
pression for ¢,. We also obtain g, = p + gy as in the laissez-faire. We must now verify
that these Propositions apply unconditionally to g.

If ¢ < 0, growth rates from the laissez-faire apply, and we obtain the same contradic-
tion as in the laissez-faire. If 0 < g, < g,,, growth rates from the laissez-faire apply and
we obtain the same contradiction as in the laissez-faire.

If ¢m = g,, > 0, which is independent of g,, the growth rate of p is irrelevant to the
entire asymptotic growth path. Then, Propositions 2 and 4 apply directly.

E.3.5 Laissez-Faire with Exploration and Scarcity

We denote by ¢ = %g the elasticity of the cost shifter. The partial current-value Hamilto-

nian (excluding the climate system) is:

Se) (Xi\?
H = U(Ct) + )Lt (rth + wt + PtEt — Ct — X(Z t) (fi) Rt> + qt(Xt — Et) + UtEt.

Define vy = zu'(C¢) and p; = pi + z:. As above, optimality requires: Ay = u/(Cy),

vCi/Ct =14 — p. Now, however, we have the energy and exploration FOCs:

A Xy _ Xy P
qr = Atpt AMXt— = qt = R~

The co-state equations are as follows:

(R) pgt — g = /\tZ_Xt (S) pvs — v = _Atz%%ﬁ%Rt
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where x} = x’(S¢). Using the Euler equation: § = A((o — ) + p), and 0o = A((p — r)z +
7). Therefore:

=2 !
Tepr — Pt = ZP_); Tzy — Zp = —ZX—XtZﬁ%Rt
t

On a constant growth path, the first equation implies:

I

r:gﬁ—kzm.

Now let x(S) = xS have a constant elasticity. Then: g = egs = egr = £(gy — gp) Where
the second to last equality follows from the fact that S; grows at the growth rate of E;, and

the last equality follows from the energy FOC of the firm. The z; equation becomes:

£ iRy
2 xtSt’

TZt—Zt:—

We now distinguish cases as before.

Case 1. g5 = gx- Then: p/2x is a constant. We obtain: g5 = ¢y = €¢g. The z; equation
then becomes: rz; — z; = —(_fﬁg—lft, with ¢ = %%

The term ﬁts—lft grows at rate (¢ — 1)¢r + ¢r. Solving the z; equation forward, we obtain
that z; is negative and grows at rate g, = (¢ — 1)gg + gr, with gg = gy — gp.

As before, we obtain that R; = 2(r — egg)R¢ — Et. So Ry grows at gg = max{2(r —
¢ge), Qe+ The R transversality condition implies that e ?'g;R; — 0. Re-arranging, this
implies: e~ "*p;R;y — 0. Since p; grows at £gg, the TVC term grows at max{r — egg, (1 +
e)ge — r}. Therefore, the component of R; that grows at 2(r — egr) must be zero, and so:
gr = g£. We will need to verify whether, in equilibrium, (1 +¢)gr < r and egg < r.

Since gr = gr, we obtain that g, = egg = gy. Thus, p and z grow at the same rate,
so that p; = pt — z¢ with p; and —z; both positive implies: ¢ = g5 = g2 = gy = €8k
The firm’s energy FOC ¢Y;/E; = p; then implies: gy = gr +gp = (1 +¢)gg, and so
8x = 1::8y- Note that (1+¢)gr = gy < r holds by the capital transversality condition,
and egr = gy < gy < r given gy > 0, which we verify in the cases below. This confirms
the requirements above.

We can now apply Proposition 1 conditional on gy = 1i;gy. To simplify the discus-

sion, we define: ¢ = 1%8, which spans [0,1) for e > 0. We have: g, = €gy.

79



Case 1.1. g <w. Then g, < 0, and case (i) applies: gy = ¢ — gy, implying gy =

72— The condition for g, < 0 becomes: gy < &y + 8o, i.e.: (1 —€)gy < &o-

Since € € [0,1), we have 1 + 7€ > 0, so that gy > 0. Then, the condition for g, < 0
1 s

£.¢ < g0, where both factors on the left-hand side are positive.

requires =

Case 1.2. g¢>w. Then g, > 0, and case (iii) applies: gy = gy + &r + ‘SIJ_F—Z =

g+(A7{?§X+Ag", implying gy = %. The condition for g, > 0 is the converse

of the one from Case 1.1.
Since € € [0,1), the denominator satisfies 1 + A +&(mr—A) =14+ e+ A(1 —¢) > 0,
so that gy > 0 given g, > 0.

Case 2. g5 < gy. We then obtain g5 = r = p+ 7gy. As above, we use the resource
accumulation equation to characterize g,. R;/R; = X;/Ry — E¢/R;. Since X;/R; — 0 by
assumption in Case 2, gr = g < 0.

Since g¢ < 0, cumulative extraction S; converges, so that ¢, = e¢s = 0 and this case
requires r = g5 < gy = 0. Temperature stabilizes because g = g¢g — g0 < 0,508z = g,
and the production function together with the energy FOC gives gy = g — 7tr > 0. Then
r = p+ gy > 0, a contradiction.

E.3.6 Efficient Allocation with Exploration and Scarcity

The only optimality condition that differs from the laissez-faire is energy use: lp% = pr—

zt + 0y, with 77 = pim/u'(C;) > 0: the laissez-faire condition p; = p; — z; augmented
by the carbon tax.

If g5 = gy, Propositions 2 and 4 apply with the same modifications as for the laissez-
faire since g, is determined by an equation where the only dependence on the economic
module is gy.

If g5 < gyt if gm < g, growth rates from the laissez-faire apply, and we obtain
the same contradiction. If g, = g,, which is independent of g5, the growth path is
independent of g5, and Propositions 2 and 4 apply.

E.4 Endogenous Technological Growth

We first sketch the main features of this extension, with a complete description below.

We enrich our framework with endogenous growth. Instead of exogenous technological
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growth g, in this section we microfound the creative destruction process through innova-
tion as in Grossman and Helpman (1991) and Aghion and Howitt (1992).

A Cobb-Douglas aggregator of varieties now constitutes aggregate output. Each vari-
ety is produced with the production function (1) subject to a variety-specific productivity.
Within varieties, there is perfect competition. At any given point in time for any vari-
ety, a leader enjoys a productivity advantage A > 1 over its competitors, leading to limit
pricing. Firms use labor to innovate over the leader, with one unit of labor leading to a
success rate of 77. Labor is perfectly mobile between production and innovation.

The only difference from our baseline specification is that the allocation of scarce labor
between innovation and production determines the growth rate of technology g. The re-
lationship g7 = ¢ — Amax{gu, 0} continues to hold, where g is a function of parameters:
the rate of time preference p, the innovation step size A, the innovation success rate per
unit of labor # and the labor elasticity of production.

We formalize this discussion by proving the following result.

Corollary 3 (Endogenous Technological Growth). Propositions 1, 2 and 4 apply to the endoge-
nous growth model, with the following modifications. For i = LF, SP, the threshold for growing
temperatures is given by an i-specific carbon savings growth rate ' = (1 +T" + 7)g, + (1 +

') g, and an i-specific technological growth rate g, where A' = A1{g' > w'} and T is propor-
LF _ 8" (A —m)g, +A g,
Y = 1+TLFHALF

if §% < w* + (1+TF + A)g,,

tional to -y — 1. In addition, the growth rate of output is g in the laissez-

g8 —m)gy +85P g0
1+FSP+ASP

faire. In the efficient allocation: gyF =

P+ (n—A)g, +718s

TP otherwise.

and g3F =

E4.1 Setup

Consider a quality ladder model as in Grossman and Helpman (1991) and Aghion and
Howitt (1992). There is now a continuum of intermediate varieties j € [0, 1], across which
households have Cobb-Douglas preferences with uniform weights. They all use the pro-

duction function F, but may differ in productivity /quality. We have:

1
loth:/O log yjidj.

Demand for each variety is given by: pj;y;; = Y;, where we use the aggregate price index
as the numeraire. For a monopolist in variety j, the unconstrained profit-maximizing

price would therefore entail an infinite markup over marginal cost.
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Each variety j is produced according to:

vi=2, "V,
where F; denotes the production function evaluated at aggregate productivity of 1 and
optimal input ratios kj;/£j,ejt/£js, £y denotes labor demand, and zj; is productivity of
variety j.

There is free entry and perfect competition in each variety. In each variety, there is
always a leader with a productivity advantage z;; = Azj; over a competitive fringe with

the old technology zj;. Let zj; = 2;3—«)(1—4])

. Given perfect competition, the leader uses

o . . cp s Yizj i Ff
limit pricing: p;; = mcj; = E;“—]é? Quantity is then: y;; = %ﬁt
@Yy, with A = A=) (1=9),

Innovation labor 7 allows entrants to innovate on the leader by the step size A at rate

. Profits are: 7r;; = )‘T’lYt =

tit = nnj;. The value of holding the patent to the leading technology satisfies:

1tVie = Vir = 1 — Lt Vi,

where the last term represents displacement by new entrants. Free entry into innovation
requires: wy = 11 V.

We focus on a symmetric equilibrium. We obtain: (r; + 1) V; — Vi = @Y;. Therefore,
on a constant growth path, ¢, = gv = gy. Hence: (r +1—gy)V; = @Y}, and w; = nV;.

Re-arranging:

(o nw 1@

Yi r4i-gy p+it(y—Dgy

Using the production FOC w.r.t. labor, and denoting x = (1 — «)(1 — ¢), we obtain:

. noLY
p+it(r—1)gy

1 is determined by the amount of labor in innovation:

L=yl =y(1-LY).
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Substituting into the previous equation, we pin down LY from:

. naoLY
p+n(1—=LY)+ (y—1)gy

Its solution is
LY =Ly +L{ (v —1)gv,

where LY and L} are functions of parameters only.
Finally, since production admits constant returns, production is isomorphic to an ag-

gregate production function with aggregate productivity Z;:

1
loth:/ log z;,dj.
0

For every period dt, a fraction (dt of varieties experience a successful innovation, so that

Z; grows at exponential rate:
gz =tlogh =5(1—LY)logA =g —Tgy

where ¢ = (1 — L{)logA, and T = (7 — 1)5L{ logA. Under log utility, technology
growth is entirely determined as a function of parameters.
E.4.2 Laissez-Faire

Under log utility, Proposition 1 applies directly. Away from log utility, we only have to
account for the equilibrium feedback between gz and gy. Recall that g, = gy — ¢y — So-

Case 1. gn <0. Then: ¢y = g7 — gy = ¢ —I'gy — gy, so that: gy = g;flg". Then:

_ 8T8
8m = 131 — 8x — &o-

Case 2. g >0. Then: gy = gz — gy = §—I'gy — A(gy — §¢ — §v) — 78y, so that:
_ §H(A-m)gx+Age
8y = TTT+4
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E.4.3 Efficient Allocation

Planner conditions. We set up the planning problem after aggregation. The planner

solves:
max / e PHU(Cy)dt (19)
{Ct,Ky,Et, L)} /O
subject to C; + K; = F(Zi, Ky, LY, Et) — x+Ei
Z

2L =p1-1)1
2 7( i )log A
and to equations (2), (3), (6), (5), (V)
The partial current-value Hamiltonian (omitting the climate module) is:
H = U(Ct) + At (P(Zt, Kf, L}/, Et) — XtEt — Ct> + thﬂy(l — Lz.}/) IOg A.

The optimality condition for production labor and the co-state equation for Z; are:

FLt = q/q\—izt log)\ oqr — ‘71‘ = /\tFZf + qtﬂ(l — Lz) IOg A.

Denote q; = Aé—‘t/f and 1; = 17(1 — L)), so that re-arranging the first equation, and combin-

ing the second equation with the Euler equation:
_ Yy 7 _
K= q?Lt log A 1V — Vi =Y — g7z Vi + 11 Vi log A.
t

where r; = Fg. Now, by definition, g7 cancels out with the last term. In addition, on a

constant growth path, V; and Y; grow at gy, so that:
(r—gy)Vi = kY;.
Combining with the FOC, we obtain:

__ nlogA .y
p+(ry—1gy
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This implies:

gz =nlogA — o+ (v —1)gy]-

Under log utility, gz = 17log A — p is once more pinned down by parameters.

Emissions. Under log utility, Proposition 2 applies directly, albeit with a different g =
nlog A — p than in the decentralized equilibrium. Away from log utility, we only have to
account for the equilibrium feedback between ¢z and gy. Recall that ¢, = gy — gy — So-
Define I' = ¢ — 1 in the planner problem.

Case 1. g <0. Then: gy = g7 — gy = ¢ —I'gy — gy, so that: gy = g;flg". Then:

_ §—7mg
8m = 1+r7C — & — 8-

Case2.g,, > gm > 0. g, satisfies the same equation as in the baseline economy, since it

is independent of gz. Then: gy = g7 — gy = g —I'gy — A(gy — gy — &) — gy, sO that:

_ 8§H(A-—m)gx+Ags
8y = TIT+A .

Case 3. gm = g,,,- Then: (1+ m)gy = gz + 7(8,, + 80) = & — gy — Ag,, + (8, + &),

—A)g
so that: gy = g+(ﬂl+r)§';[+ng“

Proposition 4 applies conditional on these expressions for growth rates.

E.5 Endogenous Progress in Renewables

We first sketch the main elements of this extension, before detailing the setup below. We
enrich our framework with endogenous growth in renewables. Instead of exogenous
growth in x; and o3, in this section we introduce innovation in renewables in the tradi-
tion of Grossman and Helpman (1991) and Aghion and Howitt (1992), similarly to above
when we introduced it for general technological growth. We use a formulation in which
energy is a bundle of carbon-free and carbon-intensive sources with a unit elasticity of
substitution, as in Appendix A.1.

The only difference from our baseline specification is that the allocation of scarce labor
between innovation in renewables and production determines the growth rate of produc-
tivity of renewables. We denote by g, , g, the exogenous growth rates of extraction costs
and emissions intensity if renewables had constant productivity, and let g, g- denote the

endogenous growth rates of extraction costs and emissions intensity.
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Innovation endogenizes g, and g, through market forces. As above however, ¢, and
Qo are entirely determined by parameters that reflect the rate of time preference, the in-
novation step size, the innovation success rate per unit of labor, and output elasticities.
These rates now differ between the laissez-faire and the efficient allocation, which we
denote with superscripts LF and SP.

We consider the energy bundle from Appendix A.2 and embed endogenous growth

in the renewable energy sector. Recall that we then have:

where ¢; is the extraction cost of green energy, and x;, 0; represent extraction costs of
fossil fuel energy. B is the Cobb-Douglas energy share of green energy. Recall also that
with our convention we define o; = gpe 87",

Renewable energy is produced with the final good with relative productivity 1/¢;.
As above, there is a unit Cobb-Douglas continuum of varieties of renewable goods, each
facing a quality ladder. We can directly apply the formulas above. We thus prove the

following result.

Corollary 4 (Endogenous Progress in Renewable Energy). Propositions 1, 2 and 4 apply to
the model with innovation in renewables, with the following modifications. For i = LF,SP, the
threshold for growing temperatures is given by an i-specific carbon savings growth rate w' = Syt
ngy + nl'g, + (1 + nl')g,, where I, &, &, are defined in the proof, and I'" are proportional

to v — 1. Further define A" = A1{g > w'}. In the laissez-faire, the growth rate of output
g+ALF§ —7T§LF+ALF§U . . g+ASP§ —7T§SP+ASPgU .
Hfﬂ,LFj:ALF . In the efficient allocatzglr)l: of = H’;Trsijsp ifg <
sp SP 5 sp _ gH(n=8)g,+78
WP + (1 + alP 4+ A)g,,, and g37 = ¢ 1+nr§p+ng
similarly adjusted formulas given in the proof.

is g%f =

otherwise. Emissions growth follows
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E.5.1 Laissez-Faire

On a growth path, we obtain:

wt new e 1Y

= iff L) € (0,1
GG prit (g L €O
wt 1w . Y

> iff L] =1
&G~ pH+i+(y—1)gy !
wt e iff LY =0

<
GGt pti+ (v —1)gy

where now market size is spending on green energy ;G; instead of Y; (note that when
market size was Y}, there was implicitly a unit price of the numeraire). ¢;G; is the total
number of final good units needed to produce G; green energy. Innovation is still paid in

labor units. Using the production FOCs for labor and for energy, we obtain:

Y, Y XtEt’
Combining these equations, we obtain:
wy k1 _ GGt
&G By LS Py Y '

with the latter equation implying ¢z + g6 = gv-

We start by assuming an interior solution. Then:

K 1760LY
By p+n(1—LY)+(y—1)gy

As above, the solution of this equation is:
LY =Ly +L{ (v = 1)gy,

where L}, LY are functions of parameters only. The definition of the growth rate of pro-

ductivity in the renewable sector is:

—gr =n(1—L})logA.
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Therefore, we obtain:

8¢ = —nlogA(1- Ly —LY(y~1)gv) =gz0+Tegy Tz = (71— 1)LiplogA.

This equation then implies:

&y = 8x +1gy 8x = &y + B8&eo = pB(y—1)L{nlogA
8o =8s —Igy 8o =8, — B8z o

As above, with log utility, Proposition 1 applies directly with g,,g- now functions of
parameters.

Away from log utility we have to incorporate the equilibrium link between g,, ¢- and
gy- Recall that g = gy — ¢y — 80 = &y — 8&x — & = §v — §, — §,- With a Cobb-Douglas
energy bundle, technological progress in renewables exactly cancels out with the higher

implied fossil fuel demand in combined carbon savings o/ x;.

Casel.gm <0. Then: gy = g7 — gy = § — gy — mI'gy, so that:

g — T8
1+l

8y =

Then: ¢ = gljjfr" — &, — 8¢ §m < 0 then is equivalent to:

§<Z, tngy+nlg, +(1+nl)g, =w,

assuming 1 + 7tI" > 0.

Case 2. gm > 0. Then: gy = gz — Agm — gy = § — A(gy — 8, — &) — 78y — 7L gy, so
that:

g :g+A§X_7TgNX+A§U
Y 1+al+A

E.5.2 Efficient Allocation

The partial current-value Hamiltonian (omitting the climate module) is:

H=U(C) + A (F(Zt,Kt, LY, E) — % Er — Ct> — &1 — L) log A,
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where we have already optimized the choice of green vs. brown energy. The optimality
condition for production labor and the co-state equation for ¢; are:
XtEt

Frp = —nlogAZ—tth Pqr =gt = —PATF = = gin(1— L) logA.

Denote q; = % and 1; = 57(1 — L)), so that re-arranging the first equation, and combin-

ing the second equation with the Euler equation:

Vi )
K= _W?:L}/ log A 1tV — Vi = —BpY; — geVi — 11 Vi log A.

where 1 = Fg. Now, by definition, gz cancels out with the last term. In addition, on a

constant growth path, V; and Y; grow at gy, so that:

(r—gy)Vi = —BypY;.

Combining with the FOC, we obtain:

_ _Pynlogr v
o+ (r—1)gy
Using «/ (By) = 1/(Br), this implies:
0 (v-1) _
§¢=— {ﬂlogA - 57} + B 8y = 8z0 T 8218y
_ y—1
8x =8+ P80+ ——8r =&+ 1Igy

8¢ =8; — P80 — T8y =8 — Igy.

— p Y

where gz = — {nlog)\ - ﬁ_n} andI' = *—.

Emissions. Under log utility, Proposition 2 applies directly, albeit with different g, g»

than in the decentralized equilibrium. Away from log utility, we only have to account

for the equilibrium feedback between g, g- and gy. Recall that ¢,y = gy — gy — o =
8y — 3_77( — 8o

The same formulas as in the laissez-faire apply for ¢, < g,,, conditional on changing

I' and gy, go appropriately.
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Case 1. g < 0. We obtain: gy = gllfgr" and g < 0iff ¢ <3, + gy +7lg, + (1+

nl')g, = w assuming 1 + 7iI" > 0.

Case 2. g, > gm > 0. g, satisfies the same equation as in the baseline economy, since

it is independent of g,, go. Then the laissez-faire formula applies conditional on gy, g, I":
_ g+A§X_7T§X+A§L7
8y = I )y

Case3.gm =g,,- Then: (1+m)gy =gz +7(g,, +8r) =8—AZ,, + 78, + 78s — 1L'gy,
8+ (m—4)8,+78c
1+I't+m

so that: gy =

Proposition 4 applies conditional on these expressions for growth rates.

F Climate Module and Thermohaline Circulation

The warming module from Folini et al. (2024) is specified in deviations from pre-industrial
values. Once specified in levels, it is isomorphic to our specification with exogenous forc-
ing in the deep oceans. This exogenous forcing is necessary to ensure that, in equilibrium,
the deep oceans are colder than the upper ocean and atmospheric layer as in the data.

In practice, the colder temperature of deep oceans is in part caused by the thermo-
haline circulation (the “global conveyor belt”). The thermohaline circulation is caused
by spatial heterogeneity in atmospheric temperatures and upper ocean temperatures to-
gether with salinity. Water cools at the poles where the atmosphere is colder (and local
radiative forcing is weaker). It also mixes with ice melt which has lower salinity. Both
factors increase water density, so that denser water sinks to the ocean floor, where it is
gradually moved by deep ocean currents. This convective channel implies that there is
additional heat exchange between the atmosphere and the oceans, in a way that maintains
a constant temperature differential between the two.

In this subsection, we show that incorporating this channel into our warming block
leaves the quantitative predictions of our climate module virtually identical once properly
recalibrated. To do so in a disciplined way, we propose the following modification to the

warming module from Geoffroy et al. (2013) that underlies Folini et al. (2024):

CUTH = F —¢TH + ey(TF — TF) + w(TF — ¢ TH)
CMTF =y (T = TF) + w(¢TH — TF).
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CY, CL denote the heat capacity of the atmosphere and the ocean, respectively. Impor-
tantly, the heat flow (T} — TH) that enters the atmosphere temperature equation is the
same as the one that enters the ocean temperature equation. Geoffroy et al. (2013) note
that this heat flow is best adjusted by an additional coefficient ¢ possibly different from
one to incorporate some effects of the thermohaline circulation (Manabe et al., 1991; Win-
ton et al., 2010; Held et al., 2010). However, the adjustment by ¢ does not resolve the
problem that ocean and atmosphere temperatures must equalize in the long run.

Our proposed modification includes an additional term w(T} — ¢TH). This adjust-
ment captures the idea that convective exchange between the ocean and the atmosphere
depends on polar temperatures in the upper ocean, which are lower than average temper-
atures in the upper ocean. We then also impose that heat inflows and outflows between
the two layers due to thermohaline circulation are identical.

We now discuss how to calibrate the additional parameters w, ¢. We start by renor-

malizing the system into a similar format to the one in Folini et al. (2024):

TH = ”<Pt —(TH + by (T} — Ttu)> + o (TF — ¢TH)

TF = by (TH — TF) + 2 (¢ TH — TF),

with ¢; = w/CY, ¢y = w/CL, n = 1/CY, €y = by and b, = 'y/CL. The corresponding

transition matrix is:

B — <—ﬂ(b1 + ﬁ) —C1¢ nby + 1
by + co¢p —(by +¢2)

Geoffroy et al. (2013) use CY = 8 W yr m2 K~ ! and C! = 100 W yr m~2 K™}, so that:
c1/c2 = 8/100 = 0.08. Next, we posit that in the initial steady state ¢ T! is approximately
0°C, and TY is approximately 15°C.

We specify our warming module in Kelvin because it represents the relevant absolute
unit in which to measure heat exchange. Kelvin degrees are a constant shift relative to
Celsius degrees. Therefore, in the original Geoffroy et al. (2013) and Folini et al. (2024)
specifications, switching between Kelvin and Celsius degrees drops out. With our pro-
posed modification, it is isomorphic to a constant shift in exogenous forcing.

We now verify whether this new climate module with a thermohaline circulation ad-
justment delivers similar predictions to the one without the thermohaline circulation ad-

justment. Starting from steady-state, we will consider four distinct shocks that mirror the
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exercises in Folini et al. (2024): one in which the atmospheric carbon content exogenously
quadruples at time 0, one in which it exogenously doubles at time 0, one in which the car-
bon content of the atmosphere grows at 1% per year so that it quadruples after roughly
140 years, and one in which it grows at 3% per year.

Parameters in the baseline warming module have been chosen to best match the tem-
perature paths that follow from these two shocks in large-scale climate models—CMIP5
simulations. Therefore, we also recalibrate the parameters in the module with the ther-

mohaline circulation adjustment to match the same CMIP5 simulations.

Polar temperature
TU
L
level of this ratio to calibrate ¢. Thatis: ¢ = 3212 = 0.948. Let: = % We use the

pre-industrial steady-state ratio to calibrate: 1 = % = 0.9653. In steady state: (b +

. . L b
) TY = (by + )T, implying: % = 5;:324)

. We use the current

We proceed as follows. At any point in time: ¢ =

< 1. We invert this relationship to obtain
Cp: Cyp = bz}_;qi and ¢; = 0.08 - c5.

In our recalibration exercise, we keep n and ¢ at their original values, as they are ra-
diative parameters calibrated on the long-run climate response after the quadrupling of
atmospheric carbon concentration, which should be invariant to the model structure. We
then choose b; and b, to minimize the maximum distance between the temperature paths
from the baseline Folini et al. (2024) module and our adjusted module in the quadru-
pling exercise. We use the instantaneous doubling and gradual increases exercises as an
over-identification check.

Figure 14 shows the fit of our recalibration exercise. Figures 15, 16 and 17 display the
results of our over-identification exercises. Across all exercises, both models behave very

similarly.
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Figure 14: Quadrupling Carbon Dioxide Concentrations at Time 0

(a) Atmosphere and Upper Ocean Temperature (b) Deep Ocean Temperature
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Notes: Response of the climate system to an exogenous quadrupling of atmospheric carbon concentrations at time 0. The figure
compares the baseline module from Folini et al. (2024) with the module that includes the thermohaline circulation adjustment, after
recalibrating by and b,. This experiment is the target of the recalibration.
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Figure 15: Doubling Carbon Dioxide Concentrations at Time 0

(a) Carbon in the Atmosphere (b) Carbon in the Upper Ocean (c) Carbon in the Deep Ocean
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Notes: Response of the climate system to an exogenous doubling of atmospheric carbon concentrations at time 0. The figure compares
the baseline module from Folini et al. (2024) with the module that includes the thermohaline circulation adjustment, after recalibrating
by and b, to the quadrupling experiment in Figure 14. This experiment is an over-identification check.
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Figure 16: Constant Increase in Carbon Dioxide Concentrations at 1% a Year

(a) Carbon in the Atmosphere (b) Radiative Forcing
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(c) Atmosphere and Upper Ocean Temperature (d) Deep Ocean Temperature
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Notes: Response of the climate system when atmospheric carbon concentrations grow exogenously at 1% per year, so that they quadru-
ple after roughly 140 years. The figure compares the baseline module from Folini et al. (2024) with the module that includes the
thermohaline circulation adjustment, after recalibrating b; and b; to the quadrupling experiment in Figure 14. This experiment is an
over-identification check.
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Figure 17: Constant Increase in Carbon Dioxide Concentrations at 3% a Year

(a) Carbon in the Atmosphere (b) Radiative Forcing
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(c) Atmosphere and Upper Ocean Temperature (d) Deep Ocean Temperature
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Notes: Response of the climate system when atmospheric carbon concentrations grow exogenously at 3% per year. The figure compares
the baseline module from Folini et al. (2024) with the module that includes the thermohaline circulation adjustment, after recalibrating
by and b, to the quadrupling experiment in Figure 14. This experiment is an over-identification check.

G Numerical Solution

This appendix describes the algorithm that we use to solve for the nonlinear transition
paths of the model. We solve for the entire path of all variables at once with a New-

ton method that uses an exact, sparse, analytic Jacobian. Appendix G.1 summarizes the
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detrended equilibrium conditions in the laissez-faire and in the planner allocation. Ap-
pendix .2 recasts them as a square system of residual equations. Appendix 5.3 describes
the Newton update and the analytic Jacobian. Appendix G.4 describes the structure of the
solver. Appendix G.5 discusses the terminal steady state of the planner solution and the
additional fixed point on the terminal stock of carbon. Appendix G.6 describes the wel-
fare computations. Appendix .7 describes the variants of the solver used in the backstop

and nonlinear damage exercises.

G.1 Detrended System

Detrending. We discretize the model with a period length of one year. All economic
variables are expressed in per capita terms and detrended by their balanced growth rates
from Propositions 1 and 2. Lowercase letters denote detrended variables. For instance
ct = Cre 8!, where g, = gy — n is per capita output growth. Energy is detrended at g =
gy — &y and emissions at g, = ¢¢ — g». Population growth is handled by the rescaling of
Appendix A.3, so that n enters through the effective discount rate p — n and the effective
depreciation rate J 4+ n. When emissions grow, g, > 0, the climate block is detrended as
well. The carbon vector is detrended at g, and both temperature layers share a common
linear trend 6 = hg;, /¢, which is removed. Here i = Fyxcoy/ log2 denotes the semi-
elasticity of forcing to atmospheric carbon, » the inverse thermal capacity of the upper
layer, and ¢ radiative losses to outer space, as in Appendix B. With a slight abuse of
notation, the detrended carbon and temperature vectors keep their symbols M; and T;.
The damage kernel is discretized into S = 50 annual weights (s, together with the
(o — n)-discounted weights 77 that enter the temperature costate below. In this appendix
the kernel carries the sign convention of the code: {; < 0 under damages, so that it equals
the negative of the kernel in the main text. With this convention the planner costates and

the implied carbon tax are positive.
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Planner system. The detrended planner allocation solves, for every ¢,

<C';—+t1>7 =14+rpm—p—78y
ye = (K (zele)' )" Yef
re+6=a(l—9)y:/k
Yyi/er = pi + oy, Oty = ‘TO%‘tCZ
kiv1 = (1—06—gy)ke +y: — ¢t — ples
M1 = (A+ (1 — gm))M; + 0pe; €
fr = hlog (M{'/ M) + EZ;

Tiq = (B+DT;+N (g;) .y (1)

s S
logzy =logzo+ Y @s(TtLis — TELq[) —0) s
s=1

s=1
- _ nh ul
o1 = ((1+p—n+gm)l—A)pio — Mpft e
t
S Ve
pari1 = (1+p—mI—-B)ugx+(1—a)(1—y) ) gd toy e
s=t+1 Cs

where piy; is the detrended costate on carbon, psz; the detrended costate on temperature,
and T; the carbon tax from equation (11). Investment has been substituted out through
the resource constraint. The constant 6 ) ; s{s in the productivity equation is the residue
of removing the temperature trend inside the damage kernel. In the interior regime the
detrended energy price is constant, pf = xp. In the capped-emissions regime, energy
is instead detrended at g¢ = g, + o, and the detrended extraction cost satisfies p; =

xoe8xH8E=8¥)t 5 0, because the tax dominates extraction costs in the long run.

Laissez-faire system. The laissez-faire satisfies the same equations without the costates

and with 7; = 0, so that energy demand reads ¢y;/e; = pi = Xo

G.2 Residual System

We recast the discretized system as a square system of residual equations. Script letters
denote the residual blocks in this appendix. Rearranging each equation above so that it

equals zero at a solution yields, in the planner case, the Euler residuals &;, the rental rate
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residuals R¢, the production residuals )} (in logs), the energy pricing residuals P; (with
the tax substituted in), the productivity residuals Z; (in logs), the capital accumulation
residuals G;, the carbon cycle residuals M;, the temperature residuals 7; (with forcing
substituted in), the temperature costate residuals V;, and the carbon costate residuals
St. The blocks M, S; are three-dimensional and 7;, W, are two-dimensional. Taking the
production and productivity equations in logs makes those rows exactly linear in logs

and in temperatures.

Boundary conditions. The economy starts on the calibrated laissez-faire path in 2020.
This provides the initial conditions ko, My, To, together with the pre-period upper layer
temperatures that enter the damage kernel during the first S periods. We approximate the
infinite horizon with a finite path of length T, whose last period is the steady state of the
detrended system. All period-T variables are fixed at their steady-state values. Any lead
beyond T in the costate sums is evaluated at steady-state values as well. We use T = 1400

for the laissez-faire and T = 1500 for the planner.

Counting. The planner unknowns are c;, ¢, yt, €, z¢ fort = 0,..., T — 1, the states k;,
M;, T; fort = 1,...,T — 1, and the costates p3;, pip; for t = 0,...,T — 1, for a total of
16T — 6 scalars. The residual equations count 16T — 6 as well, so the system is square.
Three details matter for the counting. First, there are no Gr_1, Mrt_1, Tr_1 equations,
which would over-determine the terminal states. Second, the last Euler and costate equa-
tions enforce the terminal values. Third, initial conditions enter the date-0 equations as
constants. The laissez-faire system drops the costate blocks and the tax, leaving 11T — 6

unknowns and equations.

G.3 Newton Update and Analytic Jacobian

Stack all unknowns in a vector X and all residuals in a map #(X). The Newton update is
Xl — xn Cn j(X”)_lH(Xn),

where J is the Jacobian of  and ¢, € (0, 1] is a backtracking line search parameter that
we shrink until the update reduces ||#||. Near the solution ¢, = 1 and convergence is

quadratic.
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Positivity. Far from the solution, the full Newton step in levels can push positive vari-
ables negative. We therefore update the positive variables (ct, ys, e+, ¢, k;, M) multiplica-
tively. We rescale their columns of J into log units, solve for the step d, and update
x < xe5n. Variables that can change sign, namely r;, T; and the costates, are updated in
levels. The log step coincides with the level step to first order, so quadratic convergence

is unaffected, and every iterate remains positive.

Sparsity. The Jacobian is sparse. Each equation dated t involves a handful of variables
dated t and t + 1, plus S lags of temperature in Z; and S leads of output and consumption
in W:. The table below lists the time offsets j such that dX;/dv;; # 0 for each equation
block X and variable block v. A superscript restricts the entry to the atmospheric carbon

component (A) or the upper temperature layer component (U).

c r y e z k M T U3 70
Er 0,+1 +1

R+ . 0

N2 : : 0 00

Z, : : : .0 - S )
G 0 : 0 0 - 0,+1
M;

(@]
L
_|_
—_

Wy | +1,...,+S - +1,...,+S - - . . ‘ 0,+1
S; . . . . . 04 . oY 0,41
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Jacobian entries. Each nonzero entry is an elementary derivative of the residuals above.

Writing x, = (1 — «)(1 — ¢), the entries are

6 r(ey B ()
dcy Ct\ Ct dci 41 Ct41 \ Ct
R _ OR: _ a(l—1)
Brt ayt kt
w1 Vi _ _a(l—y)
ayt o ]/t E)kt o kt
OV K P _
0z oz oy !
0P Y oP; oy
W o Ve
0Z; G
o, T
agt agt
ay = !

&4

for the economic blocks, withs =1, ..., S in the Z; rows, and

oM oM,
My o, ATl
o7y ot
oTip1 ! oT; (B+1)
aWt aWt /
—1 M _(14+p0—n)I—B
o341 I3t (( P ) )
oW} ys0d_, dS;
o, | w It Y Qo
dS; nh e dS; nh ‘ug .
oy Mp oM (M])?

=-1
ort i1
OR; . Yt
ok a(l— ‘P)k—%
oV _ ¥
E)et (o
@ = ’)’(TOﬁ?tCt -
aCt
92 _1
E)zt - Zt
Gt
F (1-0—gv)
G _
aet Pt
oM —0p€eq
aet
o7 h
= — N
oMA — T MA
d
W, _ _Kws__tel
IYs e
0S; ,
—=—((14p—n+ I-A
a,u2t (( P gm) )

for the climate and costate blocks, withs =t +1,...,t + S in the W, rows. Entries whose

column corresponds to a boundary value rather than an unknown are simply absent.

With a period-interleaved ordering of the unknowns, J is a banded matrix with a half-

bandwidth of about S periods. Sparse LU factorization then makes each Newton step

linear in the horizon T, in time and in memory.
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G.4 Structure of the Solver

Initial point. The initial point comes from one block elimination pass of the system.
Given guessed sequences for the interest rate and energy use (7, e¢), we solve consump-
tion backward from the Euler equations, the climate block and productivity forward from
energy use, capital and output from the static equations, and the costates backward from
their terminal values, which delivers the tax. At the resulting point every residual is
zero except the resource constraint rows G and the energy pricing rows P. These two
sequences are the natural residuals of the underlying fixed point problem in (r¢,¢e;). The
Newton method on the full stacked system is exactly a block elimination of this reduced
problem, with the advantage that the stacked Jacobian remains sparse whereas the re-
duced one is dense. Guesses come from simple design paths for the baseline solves, and

from continuation along the damage grid for the welfare curves of Figure 6.

Convergence. From these initial points the laissez-faire converges in about 6 Newton
iterations and the planner in about 9, to residuals at machine precision. A full planner
solve at T = 1500 takes about one second. On rare occasions near the regime change
threshold the line search stalls, in which case the solver finishes with a quasi-Newton

step using the same analytic Jacobian.

G.5 Terminal Steady State of the Planner

In the interior regime the detrended planner steady state is unique, and the terminal
values are genuine constants of the residual system. In the capped-emissions regime
it is not. Extraction costs become negligible relative to the carbon tax, and there is a
one-dimensional continuum of detrended steady states, indexed by the terminal carbon
stock. The correct boundary condition is a self-consistency requirement. The path must

converge to the steady state whose carbon stock is the one the path itself accumulates,
terminal values = X(), » =1Mr,

where X () collects the steady-state values that enter the residual system.
This requirement adds a fixed point on the terminal stock of carbon, which the solver
handles in two places. First, every evaluation of the residuals recomputes the terminal

steady state from the carbon stock that the current path accumulates. The elimination pass
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described above therefore loops on the terminal carbon stock automatically. Second, the
Newton Jacobian must include the dependence of the residuals on the unknowns through
the terminal values. We promote Mt to an unknown, restore the carbon cycle equation
Mr_1, and apply the chain rule to the composite residual map. The correction is a rank-
one block confined to the columns of Mr. It affects the last Euler equation through ¢, the
post-horizon terms of the temperature costate through /¢, and the last costate equations
through 7, and 7i,. Because the steady-state interest rate is the modified golden rule, it
does not depend on . Because consumption is a fixed share of output in this regime,
y/c and j1, are invariant to s as well, and their entries vanish. The remaining sensitivities
X' () are computed with one scalar finite difference of the steady-state computation per
Jacobian assembly, which is essentially free.

Omitting the correction while still refreshing the terminal values yields an inexact
Newton method. Convergence near the solution then degrades from quadratic to linear.
At the baseline calibration the degradation is mild, 12 instead of 9 iterations, but the

surviving elasticities are of order one, so we always include the correction.

G.6 Welfare

Welfare comparisons use the exact discounted sum of log consumption implied by each
solved path. For an allocation a with detrended consumption path c{ and trend growth

g%, welfare under log utility and effective discounting p — n is

T-1 P logc? +32T =a loen
W, = Zﬁt(logct+gyt)+,3T gl_lBgY _i_(lgi/‘lg)z , ’B:e (o ),
t=0

where the second term is the closed-form continuation from the terminal steady state. Ev-
ery allocation is integrated over its own horizon, with its own trend and its own terminal
consumption level. The consumption-equivalent variation relative to the laissez-faire is
CEV =exp ((p — n)(W, — Wlf)) —1.

G.7 Variants

Constant temperature. The counterfactual in which temperature stops increasing in
2020 switches off the climate block entirely. Productivity becomes an exogenous sequence

and the residual system reduces to the economic blocks in (ct, #t, ¢, e, k¢). The Jacobian
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is banded with a one-period bandwidth, and the same solver converges in about 4 itera-

tions.

Backstop technology. The backstop exercise of Figure 7 holds temperature constant
from the arrival date H onward, at the level reached at H. Before H the system is the base-
line one. After H the climate block drops out, and detrended variables use the constant-
temperature growth rates, spliced continuously at the seam. Post-backstop productivity
loads the frozen temperature T through the cumulative kernel weights, so the corre-
sponding Jacobian rows combine derivatives from the two regimes. The terminal steady
state is endogenous through TY alone, with analytic sensitivities. In the planner solution
the backstop changes the boundary conditions of the costates and freezes the detrended
energy price at its seam value from H onward. The carbon costate satisfies pip;y = 0, be-
cause emissions dated H or later never affect temperature, so the optimal tax declines to
zero at the backstop date. The temperature costate at H prices the stabilized temperature
through the discounted cumulative kernel over all post-backstop dates, with a closed-

form tail.

Nonlinear damages. The nonlinear damage exercise of Figure & replaces the produc-
tivity equation with logz; = logz; — (D(TH) — D(TH)) for a general damage function
D anchored at the pre-industrial temperature, with damages contemporaneous in the
true temperature. Because no balanced growth path exists under nonlinear damages and
trending temperature, we always impose a backstop at H = 1000 and detrend with the
constant-temperature rates in both regimes. Temperatures then remain in levels, and the
detrended energy price is constant for the laissez-faire and for the planner. The kernel
band of the Jacobian collapses to a diagonal loading D’(T!), the costate source becomes
the own-period marginal damage (y¢/c;)D’(TH), and the temperature costate rows gain
a curvature entry proportional to D”(THY). The terminal steady state is the constant-
temperature steady state indexed by TH, with exact analytic sensitivities as in the back-
stop exercise. Because the detrended carbon stock of a mitigating path decays through
roughly thirteen orders of magnitude over such a long horizon, the solver carries the
carbon block and its costate in true units, an exact reparametrization that keeps all Ja-
cobian entries bounded. The line search accepts a step when it reduces the norm of the
Newton-transformed residual, which is insensitive to the large tax and costate rows near
H. The laissez-faire solution under strongly nonlinear damages is seeded by a damped

fixed point on the climate and economic blocks, started at the planner solution.
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